W-Groups and Values of Binary Forms
Jan Minacand Tara L. Smith

Abstract: The purpose of this article is to investigate the connections between the values
assumed by binary quadratic forms over a field F (of characteristic not 2) and certain 2-
groups arising as Galois groups over F. The groups in question will always be quotients
of the so-called W-group of F. This group is the Galois group of the compositum over F
of all quadratic extensions, cyclic extensions of order 4, and dihedral extensions of order 8.
In this paper we show how the W-group and its quotients determine the values assumed by
any binary quadratic form. The main result of this paper is to apply these ideas to give a
simple characterization via Galois groups of fields with levl
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81 Preliminary Results and Definitions

We begin by recalling the relevant properties of the W-group which were developed
in [MSp2] and [Sp]. (Some facts in [Sp] are proved only when F has finitely many
square classes. In [MSp2], however, it is shown that these hold in the general setting.)
We also recall some facts from quadratic forms and field theory, most of which can be
found in standard references on quadratic forms and cohomology, e.qg. [L], [Sel], [SeZ2],
[La]. All fields will be assumed to have characteristic other than 2. All subgroups will be
assumed to be topologically closed, and all homomor-phisms between pro-2-groups will be
assumed to be continuous. Every attempt has been made to keep the notations and
conventions developed in [Sp]. In particular, we define the following notations.

Let F be afield, F*:= F\{0}, anch an arbitrary element of F*. We lea] [
denote the square class afin the square class group F*A-*but we may occasionally
write a for [a] when the context is clear. Letafl: i 01} be a basis for F*/F2, where
| is some linearly ordered index set. Also let G be a pro-2-group, g and h be arbitrary
elements of G, ando{: j 0 J} be a minimal set of (topological) generators for G, where
J is some index set. We then define

F() := the compositum of F and all quadratic extensions of F.
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F3):= the compositum of ® and all quadratic extensions dEFwhich are Galois
extensions of F.

F(2) := the quadratic closure of F, i.e. the compositum of all Galois extensions of F
of degree a power of 2.

()F := the smallest subfield containing ajl F(1 I, inside of some given field.

Gr:= Gal(F(2)/F).

G := GG,G], the Frattini subgroupb(G) of the pro-2-group G.
(Note that &) = G2 := <¢? | g0 G> since [G,G] G2)

GB):= (G2)AG2),G].

G2l .= GIG2).

GI3l :=  G/A3). d3] can be viewed as G with the additional relations
() g4=1090G,
(i) [g2h]=109g,h0G,
(i) [[g,h],k] =10 g,h,kd G. (This is in fact a consequence of (ii).)

Z(G) := the center of G.

s(F) := thelevel of F, i.e.the leastinteger n such that -1 can be expressed as a
sum of n squaresin F, o¢ if no such n exists.

Gab:=  G/[G,G], the abelianization of G.

(a,b) := the F-quaternion algebra generated by two anticommuting elements
i andj, with i2=a andj2=b, viewed as an element of the Brauer group
Br(F). (We write this group multiplicatively.)

KR := the Kaplansky radical of F :=a{1F: <1,a> is universal}.

Proposition 1.1[V], [MSp2] F®) is the compositum of (¥ and all cyclic of order 4
and dihedral of order 8 extensions of F.

Proposition 1.2Gal(FQR)/F) OGgl2l. Gal(R3)/F) OGEB] =: GE, the W-group of F.

The W-groupGg of afield F is closely related to the Witt ring W(F) of F.
Indeed, it can be shown that W(F) determifigs and, in all but a few special casés;
determines W(F). The nature of this correspondence is central to the results in this article,
and we undertake a detailed explanation in 82. The precise connection between W(F) and
Gg has been documented in [MSp2] and [Sp], as well as in [Sm] for abstract Witt rings.
For any two fields F and K of characteristic not 2, we have the following.

Proposition 1.3W(F) JW(K) [ Gg [JGk.
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Proposition 1.4Suppose that;e [1Gk, and assume also that if <1glis universal, then
s(F) = s(K). Then W(FIZW(K).

We have thatGg OGal(R3)/F). By the definition of ) we can then see that if a
group G in the categoy of groups which are central extensions of an elementary abelian
2-group by an elementary abelian 2-group occurs as a Galois group over F, then G is
isomorphic to a quotient group @fr. Conversely, any quotient @g is inC and
appears as a Galois group for some field KJ k0 F(3). This fact, together with the
connection betweesg and W(F), suggests that the presence or absence of certain
groups as quotients dbg (i.e. as Galois groups over F) will give information about the
behavior of quadratic forms over F. Indeed this is the case. In fact, as we will show in
83, the value group of any binary quadratic form over F can be determined from this
approach. The question of the level s(F) can also be tackled in this way. In 84 we
develop Galois-theoretic criteria for determining when <(E)and when s(R 4.

(Recall that if s(F) <0, then s(F) =8 for some integer k. See, e.g., [L].) This gives a
new and potentially fruitful way of looking at the "level question”, which asks whether, for
a field F with finitely many square classes, it is possible to have s(F) take on a value
other than 1, 2, 4, oeo. (In [MSp1l] it is shown that s(F)® = Gg has an element of
order 2 which is not in its Frattini subgroup. See also [Sp] and [Sm].)

§2 Main Lemmas

In this section we collect a few simple arguments which we use frequently. Their
purpose is to make clear to the reader how one goes about translating field-theoretic
information into group theoretic results, and vice-versa. We begin with a definition to
make our language less cumbersome.

Definition 2.1 Suppose that A = {j&: i [J1} is a basis of F*/F2, and that
2 ={ag; .1 [0} is a minimal system of generators 6¢. We say that A @rthonormal
to = if oi(va) = (-)XFa) foralli, j 1.

Let {[a]:i 01} be abasis for F*/F2, andlet S be the free pro-2-group on
generators xi O 1. We take G to be generated byo{: i 01} where eachg; has the
property 0i(Vg) = (-1P()(Vg) Oi,j O 1; hered(i,j) is the Kronecker delta. (The
existence of such a set of generators follows from Kummer theory. See [AT].) We then
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have a continuous surjectiapt S - Gg given by x - oj. Let R* denote the kernel of
this map, so R* is a closed normal subgroup of S. We have the exact sequence
1-R*5 S5 Ge- 1.
Using Gg = Ge/GE(3), we obtain a new exact sequence
1-R-98 G- 1
for some closed subgroup R®(S31). Now d(S3]) is topologically generated by
[zi,z] :i,j O 1}, where 7 is the image of ixin 93], Note thaﬂ>(8[3]) is a topological
product of groups of order 2. Moreoveb(SI3]) O z(53]), and in factd(S3]) = z(93])
if |l =2. To describeGr, it suffices to describe R. To do this we define a pairing <, >
: ®(SIB8) x P - 2/22, where P is the set consisting of 0 and homogeneous
polynomials of degree 2 in the variablgsi 1 I, with coefficients inZ/27. The pairing
<, >is defined by letting {2, i O I, [zi,z], i,j O I, i <j} O®(SB) and {42, i 0 1, titj, i,]
O1,i<j} OP be dual bases to each other. Let Q denote the group of quaternion
algebras over F. We have a group homomorpltsid . Q determined byd(tj2) =
(ai,&) andB(titj) = (a;,), i <j. Then R = (ke[ :=
{s O ®(S3])| <s,0> = 00 g0 ke®}. The pairing <,> induces a perfect duality
Rx Q — Z/2Z. Notice that R is defined relative to the given basis for R*/RYe
shall, by abuse of notation, use the symbol <, > for four different "pairings":

n <,> :CD(S[3]) x P 2127, as described above.

(I <,>:RxQOL Z/2Z, induced from I, as above.

(I <,>:9(Grp) xQL Z/27, defined by lifting generators of Gg to
generators;zf 34, and 6i,a) to tj O P, and applying (I). This is well
defined if theoj, z, and { are given.

V) <,>: 0B xQ@ z/2z, again defined by using (I) and lifting
elements of Q to the corresponding elements of P.

While (I) and (Il) are actually "perfect pairings”, the maps given in (lll) and (IV) are just
convenient ways of writing the pairing (I) without explicitly referring to the lifting. We
believe that this should cause no confusion in practice.

Now ®(S3]) is an elementary abelian (multiplicative) 2-group, so given a basis
for the group, we can talk about which basis elements, or "factors”, occur in an expression
for any element ind(S3]). Dependence relations among elements in Q translate into
conditions on factors which must be satisfied by elements in R. For example;)iad
(ax,am) are two algebras in Q which are independent, then there is an elementin R which
has [z,z] as afactor, but not zy]. On the other hand, if](aj,a) = 10 Q, then
every element of R must have an even number of the corresponding squares and
commutators occurring in its "factorization". As a special casey #)(= 1 (or éx,ak) =
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1), then [zz] (or %?2) does not appear as a factor of any element in R. We will prove a
couple of specific results along these lines in Lemmas 2.3 and 2.4 below. See [MSp2] and
[Sp] for more details. This construction can also be done using the transgression map in
group cohomology (see [MSp2]).

Definition 2.2 Suppose that 0/ ¢(S[3]), r [JR, and that jzi [J1 is a given set of
generators of 8. Then we say divides r or wentersr to mean that there exists/w
CD(§3]) such that
) r=uw
i)  No element Z or [zZ], 1, ] L7, appears in both the decomposition of
u and the decomposition of w.
In this case we shall write |Lr.

For example, 12[22,23] |212[21,22][22,23], but 212[22,23] }’ 212222. The next two lemmas
illustrate in a detailed way the comments made above on the connections between elements
appearing in R and dependence relations in Q. Lemma 2.4 will be of particular importance
in 84.

Lemma 2.3Supposes ={a, gj, i []1} is a minimal system of generators@g, and A
={a, aj, i [71} is a basis for F*/F*2, orthonormal toX. Let also {z,izi [J1} be a system
of generators of(g corresponding t&. Then Z does not enter any relation @ if and
only if (a,a) = 1.

Proof For each relation r dbg we have <r,g,8> =0 if and only if Z doesn't enter r.
Hence, from the perfect duality between R and Q, we &@l € 1 iff for each

r O R, the elementZzdoes not enter .

Lemma 2.4Suppose that A ={a, b, ¢;:d [71} is a basis for F*/F*2, and thats = { ox,
Oy, 0z Ow(): | (1} is a minimal system of generators 6f orthonormal to A. Let C =
{X,y¥,z,w:i[J I} be the corresponding minimal set of generators[@f. SThen
(a,a)(b,c) =1 if and only if&and [y,z] enter or fail to enter each relation rGf
simultaneously.

Proof For each relation Il R we have <rg,a(b,0> =0 if and only if either both%
and [y,z] divide r or neithernor [y,z] divides r. Again the lemma follows from the
perfect pairing between R and Q.
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Lemma 2.5For some linearly ordered index set | and some subsgt Jet A =
{aj: i [J1} be a basis for F*/F? such that {g ] LJJ} forms a basis for D(<1,1>). Let
2={qg;:i 1} beaminimal set of generators G orthonormal to A, and let C =
{zj : i [J1} be the corresponding generators &S Then for each 71\ J there exists; 47/
R such thatiz divides g but z<2 does not dividejgor any k# i.
Proof First observe that the elements, &), i (I 1\ J, are linearly independent in Q.
Indeed, if they are not, thepim) \J(a,-,ai)o‘(i) =1 for someu(i) OJ {0,1}, where
a(i) = 0 for all but finitely many (nonzero) values of i. Then

1 =Mion o@,a)°Y = Mion -1,a)°0 = (-1, Mion a%0).
This means thdf]ig \Jai“(i) 0 Dg(<1,1>), contradicting the independence of dig.
Since R isdualto Q we see that for eachl i J there must exisi 8l R such that s
(g,8)> =gjj. This in turn means that svritten as a product of elements of the foq?n z
and [%,zm], will be divisible by 7, but not by any otherZ.

83 Values of Binary Forms
An examination of the W-groupg of F will yield complete information regarding
the value set H<a,bp) of any binary F-quadratic format», a,b0 F*. (We may write
D(<a,») when the field F is clearly understood.) First observe that it is sufficient to
determine the values assumed by the 1-fold Pfister fornas. <Ihis is because dxa,b)
= aDp(<1,abp). This simplifies our problem sinceR1,a) forms a subgroup of F*/R*
The determination of D(«&;) falls into two distinct casesa O F*2 and
a0 F*2. We begin with the former, i.e. D(<1,15), as this is somewhat simpler. In both
cases we us repeatedly the lemmas from 82.

Theorem 3.1For some linearly ordered index set | and some subset, Jet
{[aj]:i 01} be a basis for F*/F2 such that {[d:] 0J} forms a basis for D(<1,1>).
Then the maximal abelian quotie)aof G is isomorphic to
[TioKZIAZ) % [T\ A Z212Z).
Proof The idea of the proof is to represeftgf@P as a quotient of [$ by some closed
normal subgroup, which can be defined very explicitly. It will then be easy to see that
(Gp)ab has the required form.

Let {zi:i O 1} be a set of generators ofl35 which is orthonormal to the basis
{[a]:i O1} of F*/F*2, and let R be defined relative to this basis, as described in §2.
Enlarge R to R:=<R, [&,zm]: k <m, kmOI>. Then GpabO93l/R¥*, and to prove
the theorem we must show
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R¥=<z2101\J; [z,Zm]: k<m, k,mO 1> =: U.
Now (&,q) =10 Br(F) for jOJ, so by Lemma 2.3j22 does not enter any [sR.
Thus RO U. The reverse inclusion follows immediately from Lemma 2.5 so R# = U.
Itis then easy to see thdBBU is isomorphic to[;5)(2/42) x [Tio\ 3 (2122).

Theorem 3.2Let {X:i [J1} be a minimal set of (topological) generators 6, and let
xi" denote the image of in GgaP. Suppose that the kave been chosen so thagab
= [hoo™> X[l g <xi*> U([l0ZIAZ) x([Tim 3 212Z). Let

{[aj]:i 1} be a basis of F*/F? orthonormal to the generators j{x [71}. Then {[3]:]
[1J} forms a basis for E<1,15).

Proof Gpab = GR/[GeGE] O93l/R[SIB],F3]]. Let 7 denote the preimage of i 31
Then R[$],98]] = <(z)2 i O 1\ J; [z.zm]: k<m, k,mO I>. It follows that (7?2 does
not enter any Bl R, so &,a) =10 Br(F) by Lemma 2.3, and hence

gj 0 Dr(<1,1>). On the other hand, &(&): i 1\ J} must be a linearly independent set
in Br(F), so the span of §[]: i O 1\J} intersects [(<1,1>) trivially. Thus }(<1,1>) is
generated by §]: j O J}.

We can achieve the same result from a more field-theoretic approachadLet F
denote the maximal abelian extension oinBide K3). Then GEab= GH/[GE,GH O
Gal(RYF). Moreover, it is not hard to see thatP s the compositum of (B and all
7147 -extensions L of F. Th&/4Z-extensions of a field are well understood and are
known to depend on fx1,15>). We have #=F2) O F({Vx+yvb : b0 D(<1,1>) and
x2-y2b = b}). If also V-1 0 F, then Bb= F({¥b : b0 F*}).

The group [(<1,1>) can be determined frogaP as follows: Let H be
maximal among subgroups &b of the form [1(Z2/42). Since G Gg O ©(Gp),
there is a natural surjection fro®2P onto GE/®(Gg). Let H* be the image of H
under this map. Under the identification of F¥Fwith the dual of GH/®(G),

Dg(<1,1>) will be the precise dual to H*.

Next we consider the problem of determining(@,a) for a0 F*2. Here we

choose a basis d{]:i O 1} for F*/F*2 in such a way thata] = [ay] for some k1 I.

Proposition 3.3Let [a] A = {[aj]: i 1} where A forms a basis for F*/2* Assume
{[ajl-j [JJ} forms a basis for B(<1,a¢) for some J71. Let {x:i (71} be a set of
generators foiGg, orthonormal to A. The@r has as a homomorphic image the semidirect
product <x*:j [JJ, j# k> x <xi¢> U([T;m j#Z4Z) x ZI2Z, with action determined by
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xk*xj*(xk*)'1 = (xj*)'l, where ¥ is the image of xj [7J, and xis in the kernel for [J

I\J.

Proof As in Theorem 3.1, the idea is to represent the given quotiebgadis a quotient

of 931, given explicitly in terms of generators and relations, in such a way that it will be
easy to see that the group is precisely the semidirect product described in the statement of
the theorem. LetGg=<z:i0I>/R, where <z i[O I> 093] and the image of;j zn

G is %. To prove the proposition we need only show that the ni&p-SS3l/R’

factors throughGg, where R':= ﬁi[zk,zj]:j 0 J; [Zm.zn):

m,nOJ, m zKk; z:i0I1\J>. In other words, we must show[RR'. If we can do

this we are done, for it is clear thalBl8R' is isomorphic to the semidirect product
described above. Now RR' if, forall jO J, j# k, we have j2 entering R

exactly when [gz] does. From Lemma 2.4 we seellR' if (a,9) = (ak.g), or
equivalently if a; [0 Dr(<1,a¢). By our choice of J this is always true, sd1R".

To read off the value group of a binary form (of determigah}, givenGr, let x
0 GR\®(GE), and extend to a basis for a set of coset representativégfd(Gg), say
{xi: 1 O1}, where x=x for some k inthe index set I. Consider a surjective fhap
Gr - ([Tjnsz/4z) x z/2z (with action as described in the preceding proposition) where
the Z/2Z -factor is generated by the image of X, and fie,§2/4Z) -factor is generated
by the image of <xi 1, i#k>®(Gg). Let
{yj:i 0 J} be aminimal set of elements B whose images generaf¢;2/4Z. Then
{yj:J0J, %} can be extended to a set of generatorsGer say {y:i 0O I', xk}, such
that each yliesin <x: i1, i#k>®(Gg) and suchthat {yid1'\J} O
ker ©). Let {b:i O, a} be the corresponding orthonormal basis for F2/F*

Proposition 3.4In the situation described above, j{p[7J; a} [J Dr(<1,a0).
Proof This is essentially a reverse of the preceding proof. If we have such a surjec-tion
8, then (letting y, xk* denote the preimages of wnd x in 33]) we see that the
induced map

6% SBI - SBI/R" = <y | O 3> <x#> O([1j0y2/42) x 2127
must factor throughGr OS3I/R. In other words, RIR'. Here R'= <(¥)2[xi*yj*]:
J 03 ymyn:mnOyi*i 01"\, x*2>. If ROR', then necessarily*?
appears as a factor inCsR if and only if [x*,yj*] appears. This in turn implies
(j,bj)(ak.bj) = 10 Br(F), and sobj [0 Dr(<1,a).



W-Groups and Values of Binary Forms

As in the case H«<1,1>), we could also have taken a field-theoretic approach to the
determination of P(<1,a), ad F*2. Specifically, if 8: G — ([12/4Z) x Z12Z is the
projection corresponding to the determination gf(<Da>) as described above, then
F(b: b0 De(<1,a)) is the fixed field of the subgroup (KP(Gg)) of Gg. Partial
diagrams of the lattices of fields and groups are given in Figures 3.5 and 3.6. Here,
(Dr<1,@)Y denotes a subgroup of F*#F*such that F*/F2 =
Dr(<1,2) O (Dp<l,@)H. For b,cO F*\F*2, linearly independent mod F*we define a
Db.c-extension of F to be a field L such that Gal(LIF), the dihedral group of order
8, and Gal(L/H{bc)) 0Z/4Z. Such L exists iff f,c) = 10 Br(F), iff b 0 De((<1,bo)
[F]. We have

Gal(Jpop«1 asDP-akext'ns/F)J (Mjoa,pkZ14Z) x 2122 % ([TionaZ12Z).

Figure 3.5
F3)
ODb.akext'ns of F
F2)
Fc.cO(Dp<1,a)b) F@b:bODg<1 @)
FWa)
F
Figure 3.6
{1}

<Yi%,[ym.Ynl [Yi Xl [y xiyj2xci00 \ 3, m,ridl',j0J>
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P(GF)

®<yj:j0Ixe> ®<y;:idlr\ J> (=bkerd)

d<y;:idl'>

We can use the techniques developed above to determine the Kaplansky radical KR
or -KR :={a 0 F*F*2: <1 a is universal}.

Corollary 3.7 Let {[a]:i [J1} be a basis for F*/F2. For kiJl, a [J-KR if and
only if there is a projectiorf of G onto (i i aZ/4Z) x ZI2Z (with actions as
described above) such th&-1(/7Z/4Z) is contained in the subgroup @f which fixes
v ax.

We make one final observation here. 161G - <xj':j 0 J, j# k> x <x¢>0
(Mjajpx2/42) x Z12Z be a projection determiningFR1,a). Then there exists a
projection 8" GF — <"1 O J, j# k> <x"> U ([jny j2x2/42) x 2142, such thatd
factors through@', if and only if @x,ax) = 10 Br(F). Forif @xak) =1, then letting R"
= <(q)2[zk,zj]:j 0J,j#2K; [zmzn): m,nO 1, m,nzk; z:1i01\J >, we see
ROR"OR'. Thus we have®: Gr OS3IR — (i zxZ/42) x 2147 OSS8l/R", and
1T (Mjog pkZ/42) x 2142 OSBIR" — (M0 px2/42) x 2122 OSB3R', with € =T8.
Conversely, if &,ax) #1, then 4 necessarily enters some relatidi R, and soZ O
<R, (q)Z[Zk,zj]:j O0J, 2K, [Zmzn]: m, nO 1, m, n£k; z:iO1\J >, and no sucl®’
can exist.

Corollary 3.8 If there exists a projectiorf of Gr onto ([ j«Z/4Z) x ZIAZ as
above, then s(F¥2. If s(F) =2, then there exists such a projection.
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Proof If ©' exists, let {y. i I, iZk; xx} be the corresponding generators@¢ and
{bi:i O, izk; a} be a basis of F*/F?orthonormal to the given generators. Then
ax 0 -KR and &x,ax) = 1. However, it is known, when s@E), that for any elemerda
[0 -KR, we havea [ De(n<1») if and only if -10 De(n<1>) [B]. We haveay [
DE(<1,1>), and so s(R 2. Conversely, if s(F) =2, then (-1,-1) £11Br(F), -1# 1,
and -100-KR. Thus there exists such a m@pin which the left hand factor[|Z/47)
has a preimage lying in the subgroup@® which fixesv-1.

84 Determining the Level from the W-Group

We have seen in 83 how to determine whens@&)and Minaand Spira have
given a W-group criterion for s(F)e= [MSp1]. In this section we provide a Galois-
theoretic description of those fields F for which s(F) = 4.

The crucial group for handling the level 4 case is the W-gi@ppof the 2-adic
field Q2. This group has order 256 and can be described in the following ways
([Sp:ex.4.3], [MSp2)):

1) G20 <p,0,1|pt=04=14=1; p?=[1,0]; [p,0]%=[p,T]?=1;
[p,0].[p.,T],[0,T], 02, T2 central>
2) Go0[(Z212Z X Z147Z) x (2122 X Z142)] x Z14Z.
Here, reading from left to rightZ/27 = <[p,0]>, 2147 = <>,
2127 = <[p,1]>, 2142 = <p>, Z/4Z = <t>. The action under the
semidirect products can be read off from the presentation given in (1).
3) Let S be the free 2-group on 2 generatars in the categorg of central
extensions of elementary 2-groups by elementary 2-groups. (One can easily check
that | = 32, and that «|t]> [12/2Z.) Then G, can be viewed as the free
product inC of S with <p> [012/47, amalgamating <,t]> with the unique
subgroup 2> of order 2 in g>.
We can now give a necessary condition for s(F) = 4.

Proposition 4.11f s(F) = 4, thenG, is a quotient of Gf.

Proof If s(F) = 4, then we can finth, ¢ 0 Dg(<1,1>) \ F2 such that -1 % +c, and
such that -1b, care independent mod %*Indeed, if b, -c, or bc 0 F*2, then

-1 0 Dg(<1,1>), while ifbc 0 F*2, thenc=bf2 for somef O F*, and -1 =b +bf2 =
b(1 +f2) O Dr(<1,15). In either case, s(B)2. We can thus fix a basB =
{-1,b,c,d:i 01} for F¥/F*2, Let {x,y,z,w:i 01} be a set of generators of [35
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which form an "orthonormal basis" with respectBo Let N be the normal subgroup of
SI3] generated by {R; wi O 1}. (Here, as before, R denotes the group of relations of
Gg in 93l) We claim $l/N OGo.

Let U =<x,y, z>0 931. Then $] = UN, so $3I/N OU/(UnN). Hence to
prove Gg has Gy as a quotient, we need only show NI= <xq[y,z]>, for then clearly
U/(UnN) OG». First observe that &N [0 ®(U). To prove this, consider a
homomorphismé: SEIN U/®(U) such thatd(wj) =1 andp(x), d(y), andd(z) are their
images in the quotient group®{U). Then the kernel df contains N. Thus there is a
surjective map B/N DuunN - U/®(U), and hence ON O ®(U). Let
T = <[x,w], [y,wil, [z,wi], w2, [wi,wj]: i,j O I, i <j. >. Then the group &N =
®(U)nN can be characterized as follows:

PUNN={udoU): @OTs.t.tu=r for some f1 R}

Indeed, supposeut=r, and hence u =t Since R, T0 N, we have @ N as well,

so ul ®(U)nN. Conversely, let I ®(U)nN. We have®(U)nN O ®(SBHAN. We
claim also thatb(SI3])nN = TR. Since botid(SI3]) and N contain both T and R, we have
TR O ®(SB)nN. To prove the converse consider the subgroup Ille'ngnerated by

TR and {w: i O1}. Itis easy to check that each element h of H can be uniquely written as
h = Miowit™g, e()T{0,1}, g O TR. An element h will be i(S31) if and only if

e(i) = 0 for alli. Thus we see that H = N ai(SI3))nN = TR. Thus given @ ®(U)nN
OTR,O0t0 T, rOR such that u =t and hence u =Y.

To conclude the proof, it is enough to show that R does not contain any element r
which has a factor from &uy2,72,[x,y],[x,z].[y.z]} or any of their combinations except
x2[y,z]. For then any elementt R which is has any factors in AN must be of the form
r= x2[y,z]t, for some t1 T, and we will have UN = <x2[y,z]> as desired. We do this
by considering which of their "corresponding” (products of) quaternion algebras split.
First, since (-1,-1¥ 1 0 Br(F), there exists some elemeiii R which has % as a factor.
However, since we know {1 De(<b,0), we have «<«1bo [O<b,o, and hence ks;-¢> O
<1,bo. Working in Br(F), we have 1 =l-c) = (-1,-1)(-1,b)(-1,¢)(b,0) = (-1,-1)(b,0),
since (-1b) = (-1,¢) = 1. From this we see (by Lemma 2.4) that divides some element
in R if and only if [y,z] also divides that same element. Théjg,2} 0 UnN. All that
remains to show is that [x,y], [x,z]2yand 2 do not divide any element of R. This is
immediate (from Lemma 2.3), since @)L= (-1¢) = (b,b) = (c,0) = 10 Br(F). From
these observations it is now clear th&tl/8l 0G, as claimed.

Proposition 4.2Suppose {x*,y*,z*w : i [J1} is a minimal system of generators for
Gg, with {a,b,c,d: i [71} a corresponding orthonormal basis for F*/Exsuch that there

12
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exists a surjectionp: Gk - G with ¢(x*) = p, ¢(y*) = o, ¢(z*) = 1, and@p(wi*) = 1 [Ji
[J1 (notation forGy as above). If d7 -KR, then s(Fk 4.
Proof Let {x, y, z, w} be the preimages inl& for the given generators @fr, and
suppose is as given above. We will show thhatk) = 100 Br(F). An analogous
argument shows(c) = 1. To seel(,b) = 1, it suffices to show thalzyjoes not enter any
relation rJ RO 92 (Lemma 2.3). If § did enter some r, then considering the composite
map $l Gg - G2, we see we would have some relation arm)ﬁ)grz, 12, [p,0l,
[p,T], [0,T] in G2 involving o? (which is the image iG> of y2). Since no such relation
exists, we must havé,p) = 1. The same argument is used to shog € 1, by
replacingo with . To complete the proof we shai] D(<b,0). Then by the result of
Berman [B] mentioned earlier (Cor 3.8), we have s(B) Nowa [l D(<b,0) = 10
D(<ab,ac) = (ab,aq = 10 Br(F). Observe that for any(t R, either X and [y,z] both
divide r or neither does. (This is because their imﬂ@md p.1] in G5 satisfy this
condition.) Thus by Lemma 2.4, we se¢g] = (b,¢) and thusd,a)(b,0 = 1. Also (-1h)
=(b,b =1 and (-Ic) = (c,0) = 1. Finally, sinca [0 -KR, we havebc ] D(<1,a), and
thus (a,bg = 1. Combining all this we see

1 = (abg(-1b)(-1c)(aab.q = (abg(-1bc(aa(b,q
@bg(ad(b.9 = @b(ag(@a(b,c
(a,ab(c,abh = f@c,ah.
This was the desired result.

Remark 4.31t is certainly possible to hav&, as a homomorphic image G even

when s(F¥ 4. For example, we can consider any field F for which Gal(F(2)/F), the
Galois group of the maximal 2-extension of F, is free. If F has at least 8 square classes,
thenG> will appear as a Galois group over F, but the level of F need not be 4. As an
explicit example of such a field, one can take &8, where C is the field of complex
numbers and t is an indeterminate. (See [L:Ch.2,p.45] and [R:Ch.1.8].) Alternatively,
using techniques of Marshall and Kula [K], one can construct a field F of infinite level
whose Witt ring W(F) is the direct product®fwith the Witt ring ofQ>. The W-group

of such a field will haveG, as a quotient. See [MSm]. Our next theorem and the material
in 85 will develop necessary and sufficient criteria for F to be of level 4.

Theorem 4.4For a field F with F*F2 O([TimZI227) % (ZI27)3, we have s(F) =4
= there exists a surjectiom of Gg onto G* ;= <w *: i [JI> x <x*,y*,z*> []
([TimZ14Z) x Gy, where [y*w] = [z*w*] =1, [x*wi*] = (Wi*)2, and x*, y*, z*
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satisfy the same relations @5 g, T above, but there do not exist surjectionsif onto
[([TimZI4AZ) x ZIAZ X ZIAZ] x ZI4Z, with relations as in (2.13), or onto

([T Z14Z) x (Z142Z)3.

Proof Suppose s(F) =4. Then there exists ] F such that -1b, ¢ are independent
mod F2, (b,b) = (c,0 =1, and (-1,-1) =l(c) # 1. Further, d,-d) =1 Od O F*/F*2,
Let {-1,b,c,d:i01} form a basis for F*/FZ, and let {x,y,z,w.i 01} be a
corresponding orthonormal set of generators fét, @here Gg OS3)/R. For

r0R we have v appearing in the expression for=r [x,w;] appears, X appearing-
[y,z] appears, and 2y 72, [x,y], and [x,z] not appearing at all. Let N be the normal
subgroup of 8l generated by {wwi]- i, ) O [wiyl, [wi,z], Wi 2[X,Wi]:

i O1;x9y,z]}. Then RON, and $l/N is isomorphic to the semidirect product of

MNioi214Z with Go, exactly as described in the statement of the theorem. Also we have

seen (Cor 3.8) that [[[imZ2/42) X 2147 X 7147 x Z14Z being a quotient of5g

implies s(Fx 2, and that [(imZ/42) X (Z14Z)3 being a quotient of5g implies <1,1>

is universal (Theorem 3.2), and hence that s(E&) Thus if s(F) =4, neither of these
two groups can be a quotient &fr. Conversely, suppose s@EX. If s(F) > 4, then

G* cannot be a quotient o6g by Proposition 4.2. For if it were, then the preimage of
x* would be dual to soma [0 -KR by Cor 3.7, andGg would haveGy [I<x*,y*,z*>

as a quotient. If s(F) =2, then again Cor 3.8 shows thty[£/42) X 2147 X 7.147]

x Z147 is a quotient ofGg, while if s(F) =1, then <1,1> is isotropic, hence universal,
so (1imiz/4z) % (z14z)3 is a quotient of5f.

To conclude this section, we give the following characterization of the maximal
level 4 extension of a field F inside F(2).

Theorem 4.5Suppose s(F) = 4, and E K [ F(2) is an extension of fields. The
following two conditions on K are equivalent.

(1) Kis maximal in F(2) with respect to the property s(K) = 4.

(2) s(K) =4 and x(<1,1,1>)J -K2 = K.
Proof First suppose that K is an extension of F inside F(2).fID1,1>)0 -K2 #
K, then (since K =-K)JaOK\-Dk(<1,1,15)00 K2. Then M :=K{a) is a quadratic
extension of K inside F(2). We claim s(M) =4. For <1,1,1> is anisotropic over K,
and since a 0 -Dk(<1,1,15), <1,1,1> is not isometric over K to a forma,=¢-ax. In
particular, it does not contain a subform isometrixtb,-a> for any x [0 K*, and so
cannot become isotropic over M [L:Ch.7]. This gives s(M) = 4, establishirig (2).

14
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To show (2)0 (1), suppose K is an extension of Fin F(2), satisfying (2), and
consider any extension L of K in F(2). We claim &2, By the usual argument,
any such extension L must contain a quadratic extension M/aKéf K, so it
suffices to show s(Mg 2 for any quadratic extension M of K. Now
K =-K =K2[ -Dk(<1,1,15), andad K*\K* 2, so we havea 00 -Dg(<1,1,15). Thus
-a [0 Dk(<1,1,15), which means <1,1,Ik-a,-x,ax for somex [0 K*. Then clearly
<1,1,1> becomes isotropic over M, and so s{\2)

85 Properties and Examples of Level 4 Groups

Theorem 4.4 provides a Galois-theoretic criterion for determining when a field has
level 4. However, the description of the group as given is not very conceptually appealing.
For that reason we introduce the following notions leading to a group-theoretic description
of "level 4 groups", which will describe those groups which appear as W-groups of fields
of level 4. We then conclude by considering examples of such groups and studying some
of their properties. Recall that we defir@do be the category of groups which are central
extensions of elementary 2-groups by elementary 2-groups.

Definition 5.1 A group HO C will be called ars-product if it is the semidirect product
N x S of some normal subgroup NG with S, the free group on 2 generator<Gnand

if Hab=H/[H,H] O[], 2/4Z, where |is some index set. For examflés itself anS-
product (N = {1}).

Definition 5.2 A group G C will be called devel 4 group ifJa subgroup H of G
and an element X G\ H such that H is a&-product, G = <x,H>, and the following
two conditions hold.
(1) GI/H,H] O [[y2/2Z x (32142 * [Z2142)] x 2122,
where the last facto?./2Z corresponds to the group generated by the image x' of
X, and the factor [{y2/4Z x [|xZ/4Z) corresponds to the image of H. The
image of S=<y,z>0H isin [1;Z2/4Z . The first factor[];Z/2Z consists of
commutators [x',g], §1 [1;2/4Z . The action of the semidirect product is given
by
x'gx'-1=g[x,g] O9g0O[;2/4Z ,
x'gx'-1=gl Og0NkZz/42Z.
(2) Let®: H=Nx S - G2 be the homomorphism which has kernel N, and which
sendsy, z s H too, TGy (as in the third description &> given at the

15
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beginning of this section). Then there exists a unique surjection
n: G - G2 which is® on H and which takes X G to p [ Go.

Now we are ready to give our alternative characterization of W-groups of fields of
level 4. The proof requires checking facts about generators and relations, in the manner of
the proofs of (4.1) and (4.4); the details are left to the reader.

Theorem 5.3s(F) =4 = Gg is a level 4 group.

The simplest examples of fields of level 4 are finite odd-degree extensions of the 2-
adic rational number&,. The Witt rings of these fields are well known and are described
explicitly in [Ma]. If [F:Q2] = 2k - 3, k= 2, then W(F) is completely determined by k.
Following Marshall [Ma], we denote W(F) &3k-1. Then we may write [Ma : Prop.5.6]

Lok1=2/82-10 ¥ X(2/22(1-x) O 2122 (1-y)),
with multiplication defined by (1i%(1-y;) = 43;j, gjj denoting the Kronecker delta. We
can also explicitly write down the associated W-gr@ga= Gok-1: Define $l asin 81,
using generators zz, to, 73, t3, ..., %, . (The number of generators is neces-sarily
logy F*/F*2, and |F*F#| = 2%1 See [Ma:Thm.3.18].) Thefizk.1 093/R, where R
=< (ﬂifz[zi,ti])z% >. This can easily be seen by using the results of §2 together with [Ma :
§5.2-5.3].

It is of course possible to check directly titak.1 is a level 4 group. Ledj andr;
be the images of and f respectively inGok-1. Let H = <j, Tj: 2< i< k>. Then clearly
Gok-1 = <oj, H>. Moreover we see that H =»NS, whereS = <o2,12> and N is the
normal closure of &3, 13, ... ,0k, Tx>. Because H/[H,H[ |‘|i:k2 2147, we see that H is
an S-product. Now Gok-1/[H,H] D(ﬂi:'(ZZ/ZZ X ﬂi522/42)>42/22, where the last
factorZ /27 corresponds to the group generated by the irmagé o1, and the second
factor|'|i:kZZ/42 corresponds to the image of H. The first faﬂQEZZ/ZZ consists of
commutatorsg*,g], g [ |‘|i:kzZ/4Z. This checks the first condition of Definition 5.2. To
check the second condition, 8t N x S - G» to be the homomorphism having kernel N
and sendin@y, T2 in Sto g, T in G2 (as in the third description &> given at the
beginning of 84). We want to show that there is a unique surjegti@—- G which is
© on H and which takes* to p [0 G,. Since H and* generate G is is clear that there
exists at most one such homomorphignHowever, there exists at least one such since
the homomorphism*: skl G, defined by sendinggzop, z2to g, to to T, and all
other generators,4; to 1, factors througliok-1. This is because the only nontrivial
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relation ofGok-1 is (ﬂigz[zi,ti])z%. Clearly this factor off* is the desired homomorphism
n. Thus all group&ok-1 are level 4 groups.

For a level 4 group G, let r(G) denote 22 -rank of the quotient group
G/®(G). SinceGy is a homomorphic image of every level 4 group, we see that
rG) = 3.

Proposition 5.4The groupGy is the only level 4 group for which r(G) = 3.

Proof Let S3 be the free group on three generators {Xx, y, z}Cin Since

Go D&/<x2[y,z]>, and since if G is any level 4 group with r(G) =3 we must have a
composition of surjective homomorphisngs - G - Gp, we see that GS3 or

G 0OG2. HoweverS3is not a level 4 group, as is easily checked by observing, for

H = <y,z>, that the image of x 8/[H,H] has order 4, not 2. This contradicts the
definition given in 5.2. Thus GGy as claimed.

Ultimately, one would like to characterize the W-groups of fields of Ik >
3, as well. Unfortunately, our work in this direction has not so far led to such nice results
as those for leved 4. Nonetheless, it is hoped that the detailed description of the "level 4
groups" given above will help in the eventual understanding of these higher level groups.
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