RESISTANCE DIMENSIONS OF BRANCHING PROCESSES IN
VARYING ENVIRONMENTS TREES
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ABSTRACT. In this paper we pursue our study, in [5] and [6], on dimensions of some random
trees. These dimensions are, for polynomially growing graphs, closely related to the type
(transience-recurrence) problem of the simple random walk on such graphs. We give an
interval estimation for the mean resistance dimension of branching processes in varying
environments trees.

1. INTRODUCTION

The resistance dimension dg, of a graph is closely related to the type (transience-recurrence)
of the random walk on that graph via the crucial criterion of Nash-Williams [8] that relates
the type of random walk on an infinite graph G to the effective resistance of the corresponding
electric network when a resistance is assigned to every edge of G. See [1] for a comprehensive
treatment. The fractal dimension dy, the resistance dimension dg, and the random walk
dimension dg of polynomially growing graphs were first studied by Telcs in [9]. He proved,
under smoothness conditions, that dgp = dy+2—dg. Afterwards Zhou [10] obtained, subject
to little relaxed conditions, the same result. In [5] and [6], we considered the fractal and
resistance dimensions of some random trees. Consider a graph G = (Vg, E¢), where Vg is
the set of vertices (nodes) and Ej is the set of edges. We consider only connected graphs, for
which every pair of vertices is connected by a path of edges. We say that two vertices x, y are
adjacent, x — y, if they are connected by one edge. A vertex x and an edge e are said to be
incident if x is an end-point of e. The degree d,, of a vertex x is the number of edges incident
with x. A graph G is said to be locally bounded if d, < D < oo. The graphical distance
d(x,y) between two vertices z and y is the number of edges of the shortest path connecting
them. Define the ball B, ,, to be the set of vertices of distance at most n from the vertex z,
and the sphere S, , to be the set of vertices at distance n from z. Let b, , and Z,, be the
cardinality of B, ,, and S, ,, respectively. For convenience, we omit the the reference vertex

x when no confusion may exist. Let us use the notation z, ~ v, if lim, ‘;—: =1and x, Xy,
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log zp,

if lim,, sy = 1. A graph is said to be polynomially growing if there exists d > 1 such that

the cardinality of the ball of radius n is b, =< n?. Consider a finite graph G = (V, E¢). The
electric network corresponding to G is obtained by assigning a resistance R,, (a conductance
Cypy = R%y ) to every edge (z,y) € FEg. A random walk on G, starting at a vertex a and
ending at a vertex b, is a Markov chain with the set Vi as the state space and transition

probabilities, P,,, defined as:

Ty
%”xy, it v — y;
(1.1) P, =
0, otherwise.
where C, =Y . C,.. If the same resistance is assigned to each edge (z,y) € E¢, a simple

random walk (SRW) is obtained and for which

1 : .
@a 1f-T'—>y,

(1.2) P, =
0, otherwise.

If a current ¢, is injected into a and withdrawn from b, then a potential difference v, between
a and b exists. The effective resistance, Ry, between a and b is defined as:

Va
(1.3) Repp = —

Let v, denote the voltage at a node x. An equipotential surface, &, is defined to be the
set of all vertices of equal voltage k, i.e.,

Sk:{yGVGZ’Uy:k’}

A way to modify an electric network is shorting. Shorting a set of vertices into a single
vertex is to connect them together with perfectly conducting wires.

Shorting Law. [1, p.100]. Shorting certain sets of nodes together can only decrease the
effective resistance of the network between two given nodes.

Obviously, shorting gives a lower bound for the effective resistance of the underlying graph.
Shorting the nodes of an equipotential surface doesnt affect the effective resistance between
any given two nodes.

If a current 1, flows between a and b, an energy 2R, is supplied to the network, see [1].
A current 2,,, that flows through (x,y), results in a dissipation of energy, which is equal to
zinyy. The total energy dissipation between a and b due to the current flow ¢ in the network
is equal to 5 Y5, v 15y Ry

The principle of conservation of energy asserts that the energy supplied is equal to the
energy dissipated. In other words,

1
(1.4) aRerr =5 > @Ry
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For a unit current flow

1
(1.5) Repp = 5 Z Uy Ry

z,yeVe

Now, consider an infinite electric network associated with an infinite graph G = (Vg, Eg).
Let G = (Ban, Ean) be a sequence of finite subgraphs of G, where B,,, C V¢ is the set
of vertices of distances at most n from a and E,, C Eg is the set of edges such that if
z,y € By, and (z,y) € Eq, then (z,y) € E, .

Consider, for n > 1, a random walk on G(™ that starts at a until it reaches S, ,, the set of
vertices having distance n from a. We inject a current z((zn) into a and withdraw it from S, ,
(being shorted to a single node). Define R, to be the effective resistance of the finite electric
network corresponding the finite graph G between a and San- The effective resistance

Res; = Ress(Q) of G is defined to be the limit of the sequence R,, = R.;;(G™), i.e.,

Reff = lim Rn.

n—oo
This limit is well defined, possibly infinite, because R, is nondecreasing in n. Random
walk on an infinite graph is transient if and only if the effective resistance of its corresponding
electric network is finite, see [1] or [8].
We turn our attention now to infinite leafless (for every x, d, > 2) locally bounded trees.

If we assign a unit resistance to every edge of T' and R,, denotes the effective resistance of
the portion of the tree from the root up to height n, it follows from shorting law that,

"1
(1.6) R,>Y —

where Z,, is the number of vertices at distance n from the root. Therefore the divergence of
PO Zik implies the recurrence of SRW on T'. Shorting vertices of equal potential does not
affect the effective resistance and as such if 7" is a spherically symmetric tree SST (all the
vertices of the same distance from the root have the same degree), then Sy for every £ is an
equipotential surface and therefore,

n

1
(1.7) Ro=S =
Ly,

=1

Hence SRW on SST is recurrent if and only if >, Zik is divergent.
If SRW on a tree T is transient with an effective resistance R.fy = R < oo, then the
effective resistance from S,, to infinity satisfies that R — R,, > ZZO:n 4 Zik Also, if T is SST

then R— R, =3~ ., Zlk



4

Definition 1 (Resistance dimension dg). The resistance dimension of a graph G = (V, Eg)
is defined to be:

2 — limsup,,_, ., l‘ffg]i", if Repp = o0;
do =
2 —limsup,,_,, %, if Repp = R < o0.
Loosely speaking,
n2_d9, if Reff = 00;

R, <
R - n2’d9, if Reff = R < o0.

It is known that the SRW on the homogeneous tree of degree 2 is recurrent and dg for
such tree is

log 5 _y

do = 2 — limsup
n—oo lOgmn
while, the SRW on the complete binary tree (every vertex has degree 3 except the root has
degree 2) is transient and
log(3)»
do =2 — limsup —g(2) =00
n—oo logn
In order to identify the phase transition between finite and infinite resistance dimensions we
chose to consider random trees of mixed degrees 2 or 3. It turned out that dg for Galton
-Watson trees is infinity, while the critical rate of growth is identified for SST’s. See theorem
3 below or [5]. Let d,, denote the degree of every vertex of the n' level. The degrees d,,’s
are assumed to be independent random variables. let d = d,, — 1. This sequence gives rise
to a spherically symmetric random tree, SSRT. We consider now a (SSRT) whose d;/’s are
distributed as: dj = dy =1 a.s. and for n > 1,

N 1, with probability 1 — gy;
(1.8) d, =

2, with probability g,

where 0 < ¢, < 1. Let Z, denote the size of the n'* level S,,. Then Z; = 1 a.s. and for
n>2 Z,=II1— di. Hence, B(Z,) = [I1— (1 + q).

1.1. Branching processes in varying environments trees (BPVET).

Consider a doubly indexed family {d:[’k; n=0,1,...;k =1,2,...} of random variables.
Let d,; denote the degree of the k' vertex of the n'" level of a tree, then the sequence
d, gives rise to a branching process in varying environments tree (BPVET) T*. Let
d:;k = d, — 1. The random variables d,, ;, are assumed to be independent and for fixed n
they are identically distributed. We consider the BPVET whose dz’k’s are distributed as:



d(J)r,1 =dp; =1 as. and for n > 1,

1, with probability 1 — ¢y;
(1.9) d:f,k -

2, with probability ¢,.

where 0 < ¢, < 1. Let Z* denote the size of the n'* level S* of T*. For the rest of the
paper, unit resistances are assigned to the edges of the trees.

The size of S is Z* Zk" Ydf ,,m > 2and Z; = 1 as. Obviously, E(Z) =
H:le(l + ¢;). The following theorem is a part of theorem 4.14 of [7].

Theorem 1. If the sequence {d,} is locally bounded, then there exists W* > 0 a.s. such
that

Z*
1.10 W* = L w .S.
0 N

In which case, Z ~ W*E(Z") a.s
The following theorem compares the expected values of the effective resistances of the
SSRT and BPVET.

Theorem 2. [3] Consider the two locally bounded, leafless trees, SSRT and BPVET such
that for everyn > 0 and k > 1, d,, and d,j are identically distributed. Let R.s¢ and R:ff
denote their respective effective resistances. Then

(1.11) E(R;s) < E(Reyy)

It is worth mentioning that there is no stochastic domination between Ryy and RZ,,, see
[4]

1.2. Auxiliary lemmas.
The following useful lemmas are elementary and mostly straightforward.

Lemma 1. Let {a,} and {b,} be two positive sequences such that lim, §* = L.
(i) If >_, by is divergent, then

(1.12) lim k=L Lt B _ g
Zk 1 Ok
(ii) If >, by is convergent, then
D en @
1.13 hm OO” =1L
( ) Zk nbk
Proof. (i) Let a,, = t,,b, such that t,, — L as n — oco. Given € > 0, then there exists ng

sufficiently large such that for n > ny,

L—e¢ Zbk+a<2ak (L+¢€) Zbk—l—a



where alpha and o' are constants. Since ) b, is divergent then
n

a

L—eghmz%i—ﬁ

n D ke bk

for arbitrary e. Hence the result follows.
(i) It follows directly using the same way of proving (i).

< L+e

O

The following lemma follows using the same way of proving lemma 1, and that for g > —1,
Y k1

(1.14) lign P T B
while for g < —1,
D D
(1.15) 11£n TS >0
and
no1
(1.16) limh — 1
n logn
See [2, p.65].

Lemma 2. Let {a,} be a positive sequence such that lim,, % =L < 0.
(i) If L > —1, then ), a, is divergent and

1 n
(1.17) lim (08 2kt % _ p g
n logn
(ii) If L < —1, then ), a, is convergent and
1 e}
(1.18) lim 208 2kmn B p g
n logn
(i) If L = —1, then
1 n
(1.19) lim w = 0.
n logn

Lemma 3. Let {a,} be a positive sequence.

(i) If lim, 8% — oo, then . a, is divergent and

logn
1 n
(1.20) lim w =00
n logn
(ii) If lim,, % = —o0, then ) ay is convergent and
1 o
(1.21) lim 108 2k=n O _

n logn



Lemma 4. Let {a,} be a sequence of real numbers such that lim,, na,, exists. Then,

(i) If a, > 0, then lim, na, = lim, %
ogn .
(i) If a, > —1 and a, — 0, then lim, na,, = lim,, W
Proof. (i) It is direct using lemma 1 and equation (1.16).
(ii) Since limy, a, = 0, then lim, (1 + a,)" = elimnnan and the rest follows using part (i).

O

2. RESISTANCE DIMENSION

In [5], we have obtained the following result, assuming that lim, ng, exists.

Theorem 3. [5] Consider a SSRT whose d}’s are defined by (1.8), such that g, — 0 as
n — 0o. Then dg = 1+ log 2lim,, ng, a.s.

It is easy to generalize the last theorem for locally bounded, leafless SSRT’s.

In the following theorem we study the resistance dimension of the BPVET. The trees
that we consider are leafless and for this reason the limits involved in the definition of the
resistance dimension do exist and we would not bother with the lim sup that appears in that
definition.

Theorem 4. Consider the BPVET whose d;k s are given by (1.9) such that ¢, — 0 as
n — 0o. Then

1
(2.1) 1+ 3 li}in ng, < E(dg) <1+ lizn NGn

provided that lim, ng, exists and in the case of transient random walk, lim, ng, > 2 is
assumed.

Proof. We first consider the case of recurrence. It follows from inequality (1.6) that

n 1

log R log ) 1 7=

&y =2 lim—2"n <9l — =%k
n  logn n logn

It follows from theorem 1 and lemma 4 that

SorZ ) log(1+qp)

li log Z}
logn

n logn = hm”
= lim, ng, a.s.

Hence, lemmas 2 and 3 imply that dg < 1 4 lim, ng, a.s.



On the other hand,

E(dy) = 2— E(lim, 2&82)

logn

2 — lim,, F(*&t)

logn

A%

> 2 lim, 08 EU)

. logn

> 2 lim,, 8L

where the first inequality follows from Fatou’s lemma and the second follows from Jensen’s
inequality, while the third one follows from theorem 2. Since

n—1

1 1
E(—)= 1—=
(Zn) H( 2%)
k=1
then it follows from lemma 4 that
i, 2Py Zeciles(-3an)
. logn n logn
(2.2)
= —3lim, ng, a.s.
Since for SSRT, R, = > ;_, Zlk a.s., it follows then from lemma 2 that
log E(R,, log >4, E(5- 1
limog—() = lim B2 i1 (Z’“) =1— —limng,
n logn n logn 2 n
Thus,

1
E(dg) =1+ élimnqn

and this completes the proof for the recurrence case.
We now consider the case of transience for which,

s _ o 1. log(R*—RY)
do = 2—lim, =~
lngiin+1%Z

logn

< 2—lim,

log Z}
logn

= 1+ lim, a.s.

where the last equality is due to lemma 2. Theorem 1 assures that

dy < 1+ lim, 25220
_ YR log(1+4gk)
= 1 -+ hmn “Tnk

= 1+ lim, ng, a.s.



where the last equality is due to lemma 4. On the other hand,

E(dy) = 2— E(lim, 2 -f))

logn

> 2 — lim,, B =)

logn

log E(R*—RY)
logn

> 2 —lim,

Using theorem 2 and then lemma 2, we obtain

E(dy) > 2—lim, 0eE0 R

logn

log Z};“;nﬁ'l E(%k)
logn

= 2—1lim,

log E(z-)
logn

= 1-1lim,

and equation (2.2) implies that

1
E(dg) =1+ élimnqn

which completes the proof of the theorem. O
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