Dimensions of Random Trees
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Abstract. In this paper we show, for Galton-Watson tree 1" of resistance R, that
R — R, decays exponentially in n where R, denotes the resistance of the portion of T
between the root and level n. We also determine a formula for the resistance dimension
of spherically symmetric random trees and prove that it is equal to the fractal dimension.
We emphasize the relationship between these dimensions and the type, of being transient
or recurrent, of the simple random walks on such trees.

1 Introduction.

The resistance dimension of a fixed graph has been studied by some authors. Telcs in his
paper [13], obtained an interesting logarithmic form of the Einstein relation relating three
exponent dimensions of smooth, polynomially growing graphs:

where dg, dyf, do are random walk, fractal, and resistance dimensions, respectively. Zhou
[15] presented some sort of generalization. In this paper, we pay our attention to study dgq
for some types of random trees. All trees we consider are infinite and leafless (every vertex
has at least two neighbors). We convert a tree T' to an electric network by assigning a unit
resistance to every edge of 1T'. Let R, be the resistance of the portion of 1" between the
root 7 of T and the n'* level, S, (vertices at distance n from the root). The resistance of
the whole tree is defined to be, R = lim,, R,,. This limit exists (possibly infinite) because



R, is nondecreasing in n. The resistance dimension of 7" is defined as follows:

2 — limsup,_, o l(ffg}f: it R, T o0
do = (2)
2—limsupn_>oo% if R, T R < oo

A tree is said to be spherically symmetric if all the vertices at the same distance from
the root have the same degree. The resistance of a spherically symmetric tree is easy to
calculate. It is known that the resistance R of such a tree is

~ 1 1
R=lmR, =lim) — =) — (3)
" e =i

where Z, = |S,| is the number of vertices at distance n from the root. See [1] or [9].

A tree T is said to be homogeneous if its vertices are all of the same degree. Obviously,
dq for the homogeneous tree of degree 2 vertices equals 1, since R, = 3. While, it equals
oo for that of degree 3 vertices, since R, = 5(1 — 5+).

In order to explore the phase transition between finite and infinite dg, we chose to
consider random trees in which the degrees of the vertices are i.i.d. random variables
taking value 3 with probability ¢ and 2 with probability 1 — ¢. These are Galton-Watson
trees. It turns out that all such trees have infinite dg. Our claim is that trees for which
the probability ¢ is made to be level dependent and converges rapidly to zero might turn
out to have finite dg. In other words, if the degree 3 vertices become sparser as the tree
grows up, we may obtain finite dp. We consider trees for which every vertex of level n
has degree 3 with probability ¢, and degree 2 with probability 1 — ¢,. We determine, for
such trees, the resistance dimension in terms of ¢,. The fractal dimension dy of a tree T'
is defined as,

dy =

Z L. (4)

We show that for any tree of polynomial growth dy > dq, and we have equality for

spherically symmetric trees. But we first consider the Galton-Watson trees.
logan
loia
polynomially growing if there exists a sequence {a,,} such that lim, «,, = o« > 0 and

Let us use the notation a, =< b, if lim, = 1. Generally, a graph is said to be
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2 Galton- Watson Trees.

We start with positive integer valued random variable X with p(X = k) = pg, k£ =
1,2,3,...,and m = >, kp, > 1. We consider a supercritical branching process, starting
from the first ancestor, and assume that parents produce randomly and independently
offspring following the same law of X. Connect each parent to its offspring with edges.
This defines rooted leafless infinite Galton-Watson trees and a measure GW (dw) on such
trees. The concept of flow on a graph is one of the recent tools that plays a vital role
in deciding whether the effective resistance of an infinite electric network is finite and, as
such, determining the type (of being transient or recurrent) of the simple random walk
(SRW) on the underlying graph, since SRW on a graph is transient if and only if its
effective resistance is finite. This will be introduced briefly at the end of section 3. See
[1], [9], or [12]. A flow F on a finite graph G from a vertex a to a vertex b is defined
to be an assignment of numbers F,, to the edges zy of G such that (1) F,, = —F,, (2)
oy Py =0if 2 # a,b (3) Fyy = 0 if x and y are not neighbors. Let d(r,y) denote the
length of the unique path from r to y. We use the notation x — y if x is on the unique
path from the root r to y such that d(r,y) = d(r,z) + 1. The flow out of a vertex z is
defined to be:

F(z)= Y Fy (5)

Y:r—y

If unit resistances are assigned to the edges of G and a voltage v, is imposed between a
and b such that the voltage v, at b is 0, currents 4., flow into the resistances. The energy
dissipation in the circuit is

1 .
5D iy (6)
x,y

If the voltage v, at a is adjusted so that one unit of the current flows into the circuit, the
effective resistance, R.sy, of the circuit is defined to be v, and it is shown to equal

Repp = %Zliy (7)

Y
That is, the effective resistance of a circuit is the energy dissipation of the unit current flow.
See [1, pp.61-62]. We should mention here that R and R,, in the introduction are effective
resistances. Thomson’s Principle assures that the effective resistance minimizes the
energy dissipation %Zmy jgy among all unit flows j from a to b. See [1, p.63]. The
useful cutting law states that: Cutting certain branches off a graph can only increase



the effective resistance between two given nodes. Hereafter, D(j) stands for the energy
dissipation of the flow j. This discussion is useful in proving the following proposition.

Proposition 2.1. Let T be an infinite tree such that the degree of every vertex is at least
three. Then R — R,, decays exponentially in n.

We know that the homogeneous tree of degree 3 vertices has finite resistance and cut-

ting principle guarantees finite resistance for every tree of the type described in proposition
2.1.

Proof. Let F,, be the unit current flow applied to the portion of 7" from the root r to
the n'* level, S,. It follows from Thomson’s principle that D(F,) = R,. The subtrees of
T hanging at every vertex has finite resistance and, as such, the current splits at every
vertex. Whence, there is 0 < £ < 1 such that

sup F () < k" (8)
IESTL
If the flow F}, is extended somehow on the whole tree to a flow F with finite energy, it
follows then from Thomson’s principle that,

R—R, < D(F!)— D(F,)

= O s, Fi(x) Sk"C Y e, Fulz) = CK™

for some constant C. The last equation follows since the current flowing into the circuit
is the unity. This entails the proposition. O

For the next theorem we need the following crucial technical lemma which is extracted
from a lemma presented in [4] and reproduced in [14]. Let I" denote the ensemble of all
leafless rooted trees. Consider 1" € I'. A branching vertex of 1" is a vertex with at least
three neighbors. let N, (z) denote the number of branching vertices on the unique path
connecting the root r to a vertex x € S,,.

Lemma 2.2. Let T be a Galton-Watson tree with offspring mean m, 1 < m < oo. Then
there is B > 0 such that

N,
lim inf min n(7)
n IESTL n

> B, GW — a.s. 9)

Theorem 2.3. Let T' be a Galton-Watson tree such that every vertex has degree 3 with
probability q and degree 2 with probability 1 — q. Then R — R,, decays exponentially in n.



Proof. Let F,,, as defined in proposition 2.1, be the unit current flow applied to the portion
of T from r to S,,. Lemma 2.2 assures that, a.s. along every ray, a positive fraction greater
than (8 of vertices have a subtree hanging off the ray with finite resistance. This allows a
positive fraction of the current flows into each of such subtrees. Whence, thereis0 < k < 1
and 0 < a <  such that, for sufficiently large n,

sup F,(z) < k"™ a.s. (10)
TESH

We extend the flow [}, to a flow F] on the whole tree in the way that it splits equally
at every branching vertex. It is known that this flow has a finite energy dissipation. See
theorem 3.5. of [6]. Let F,, be the o-field generated by Ry, Ry, ..., R, and E,, denote the
conditional expectation given JF,. It follows from Thomson’s principle that

< CnEn(erSnFr%(x))

< C.E, (SqueSn F.(x) ersn F.(x))

= O, (sup,eg, Fr(z)) < CE™.

for some positive constants C),, and C. Let p, denote the conditional probability given
Fn. Then the conditional Markov inequality [2, p.195] assures that

St~y = Vi) < 3B <o

and the result follows from the conditional Borel-Cantelli lemma [3, p.325]. O

Note 1: The idea of this proof came out of a private communication with Yuval Peres.
Note 2: We conclude from this theorem that the resistance dimension of these trees
is infinity and so it is not, for Galton -Watson trees, the appropriate notion to look at.

3 Resistance Dimension of Spherically Symmetric Random Trees.

This section is devoted to determining dq for spherically symmetric random trees. We
consider a sequence {d,,n > 0} of independent random variables where d,, refers to the



degree (the number of neighbors) of every vertex of level n. It is only worthwhile to
consider a tree 1" where the distribution of d,, is

2 with probability 1 — ¢,
. (1)
3 with probability g,

Let df =d, —1; n > 1 and set df = dy. If Z, = |S,| denotes the number of vertices of
level n, then

n—1
k=0

To obtain dg of these trees we first introduce the following lemmas.

Lemma 3.1. [9].
Suppose that X,,, n = 1,2,... are independent random variables with 0 < X,, < M for
some constant M. Let

k=1

If E(S,) — o0 as n — oo, then

Sn

1 a.s.
E(Sn)—> a.s

Lemma 3.2. [5, p.3/].
Let {an} and {bn} be two positive sequences such that ), by, is divergent. If limy, 3= = L,
then

lim w -y
n Zk:l bk

Lemma 3.3. If the positive sequence {a,} is nondecreasing, then

(13)

lim na,, = lim 2kt Ok (14)
n n logn

Proof. 1t follows from lemma 3.2 that

n
lim M = lim An lim na,,.
n logn n 1/n n



The following lemma is presented in [10] and we represent it here for the sake of
completeness.

Lemma 3.4. Let {a,} be a positive sequence such that lim,, %gga—n" = L for some L > 0.
Then

hm log ZZ:I ag

=L+1 15
n logn * (15)

Proof. If L = oo, we have nothing to prove. So we may assume that 0 < L < co. We
first consider the case L > 0. It follows now that

an:nLt”; t, >1 as n— o

If € > 0 is arbitrary small, then for sufficiently large n, L — ¢ < Lt,, < L + ¢ and hence
for some constants A; and As,

A+ Zn:kL‘f < Zn: ke < A, + Zn: e
k=1 k=1 k=1

Consequently,
" L—e " n Ly, n L+e
lim long—Zlk < lim m = lim m < lim log Zk:l k
n logn n logn n logn n logn

Choosing € such that L — e > 0 and using the fact that for 5 > 0,

lim 2221 K = 1
n  ppftl B+1

(16)

we obtain,
1 n
L1—e<limi®2imt®% _po g
n logn
Whence,
1 n
lim 128 2 O _ g
n logn
For the case L = 0, we obtain
1 n
I e<lim Bk % o
n logn



where the right hand side inequality is obtained using the argument above and the left
hand side one is obtained using the fact that for 0 < = # 1,

O (R S e |
S U (17)
k=1

0

Note 3: The argument for the case L = 0 extends to the case —1 < L < 0. Whereas,
if L < —1, the series > a, an converges and the limit

]_ n
i 108 k=1 % _ (18)
n logn

Here is the result that determines the resistance dimension of spherically symmetric trees.

Theorem 3.5. Let T be a spherically symmetric tree whose degree sequence {d,} is such
that, for 0 < q, <1,

2 with probability 1 — q,
3 with probability q,

Provided that lim,, n q, exists, then
do =1+ (log2)(limng,) (20)

Proof. Setting d = d,, — 1, then

n—1 n—1
E(log Z,,) = Z E(logd/) = (log?2) Z i
k=0 k=0

Using lemmas 3.1 and 3.3, we obtain

log Zn, E(log Zy)

lim,, liyggznn lim, E(logZn)  logn
= lim, %
— lim,, 4% 230%;5—1 I = (log 2) lim, ng,.
Whence,
1 log(1/Zn) = —(log2) li}lrnnqn



If R, — oo, it follows from (24) below that L = —lim, n g, log2 > —1. Whence, using
(3) and lemma 3.4 (Note 3),

. logR,
lim

T =1-— (log2) liTan ngn

Thus,
dg =1+ (log2) limng,

If R, - R < oo. Since

log Z,,

lim

=log2limng, a.s.
n logn n

then let Z, = n'"; t, = nq,log2 — L as n — oo. It is evident that L > 1, since R < oo.
If € > 0 is arbitrary small, then for sufficiently large n, L —e <t, < L+¢€
First, if L > 1, then

- —L—¢ - 1 = —L+e
Sktrey Loy
k=n k=n k=n
and so

logd 72 +

—L—ec+1 glimM < —L4e+1
n logn

which implies that

log 3>, 7

n logn

=2—-—14+L=1+log2limng,
Second, if L = 1, then for arbitrary small ¢ > 0 and sufficiently large n, t,, < 1+¢. Hence,

lo >~ L
—eglimmgo

n logn
where the right inequality is due to the convergence of ) - Consequently, lim,, Ton ko
0, and so
logd 02 -
do =2 — limM =2=1+log2limng,
n logn n
This completes the proof of the theorem. O



As it is mentioned in section 2, the type (of being transient or recurrent) of the SRW on
infinite graphs is confined by the finiteness of the resistance of the corresponding electric
networks. We outline this for infinite leafless trees as follows. A particle is moving on
the vertices of a tree T making its jumps to one of its neighbors and each one of these
neighbors has the same likelihood of being reached. That is, the SRW on 7" is a Markov
chain with the set of vertices of 1" as the state space and the transition probabilities are
such that

ﬁ if y is a neighbor of
p(x,y) = (21)

0 otherwise

where d(z) is the degree of the vertex x which is the number of vertices incident with x.
It follows from (3) that this SRW on a spherically symmetric 7" is transient if and only if

o0

Zzi<oo (22)

n=1""

This is a special case of the general result of Nash-Williams [12]. See also [11]. It is proved
in [9] and reproved in [7] that the SRW on a tree T" defined by (19) is

transient if  liminfng, > —— (23)
n log 2
and
. . 1
recurrent if  limsupng, < —— (24)
n log 2
This follows now as a direct consequence of theorem 3.5. For, if lim,ngq, > @, then
do > 2 and R, T R and transience occurs a.s. Whereas, if lim,ng, < @, then dg < 2

and R, T oo and recurrence occurs a.s. However, if dg = 2 we may have SRW of either
type. The following two examples are considered in [8].

Example 1. If g, = #92, it is shown in [7] and [8] that the SRW on T is a.s. recurrent

and theorem 3.5 gives dg = 2 a.s.

Example 2. If

1 3,1
1 —
1+

NI

1
+o0
logn logn

)] (25)

it is also shown in [8] that the SRW on T is a.s. transient. Again theorem 3.5 gives that
do =2 a.s.

= nlog?2

10



4  Fractal Dimension of Spherically Symmetric Random Trees.

For sufficiently regular (smooth) graphs, the fractal dimension d; along with the resistance
dimension dg is closely related to the random walk dimension dp by the relation (1).
We show in the following theorem that d; of spherically symmetric trees of polynomial
growth is equal to dg. But first we introduce the following proposition for which we need
to introduce the Shorting principle: shorting (connecting a given set of nodes together
with perfectly conducting wires so that current can pass freely between them) certain sets
of nodes together can only decrease the effective resistance of the network between two
given nodes. See [1, p.100]. Obviously shorting principle plays its role in the opposite
direction of the cutting principle. Shorting vertices of each level of any tree yields a graph
with resistance

> (26)

and shorting principle implies that the effective resistance R of any tree satisfies the
inequality

Rzzzi (27)

Proposition 4.1. For any infinite tree T' of polynomial growth, d; > dg.
Note 4: This inequality holds true generally for smooth graphs. See [13].

Proof. Consider first the case R, — oco. Then, applying (27) on the portion of T" from r
to level n, we obtain

log bRy _ 108(0% 1 Ze X051 7))

> 2
logn — logn -

The second inequality follows from Cauchy-Schwartz inequality. Therefore,

log by, S log R,

logn — logn

Secondly, suppose that R, — R < co. Then, Shorting principle implies that

log{(Sh_ Zi)(R — )] _ 1ogl(C0 1 Z6) (X2 s 7))
logn -

logn

11



and so

log[(Xh, Zi)(R— Ro)] _ |, log Z, log > izn 72

+ 1+ lim , by lemma 3.4
n 10g n

lim >
n logn n logn
Using the assumption of the polynomial growth of T', there exists a sequence {c,} such
that a,, = « and Z, < n®". Since R < oo, then o > 1.
Now, if @ > 1, then an argument similar to that given in theorem 3.5 leads to
o 1
IOg Zk:n Z_k

log Z, ,
Hm —282m L 4 fim el 14 g =2
n ogn n logn

and hence d; > dq.
Also, if & =1, then

logS™" 7 log > p, -+ log Z,,
i 108k 2y OB T logZe
n logn n logn n logn
and the result follows. O

Theorem 4.2. If T is a spherically symmetric tree of polynomial growth, then dy = dq.

Proof. 1t follows from lemma 3.4 that

log Z,,

lim
n  logn

—d;—1 (28)

This is actually the converse of lemma 3.4 which holds true as long as the limit does exist.
Assume now that R,, — oo, then

log Ry, log > 5oy 7
do = 2 —tim 8B gy, OB

29
n logn n logn (29)

It follows from (28) and by applying lemma 3.4 that
dQ=2—(1—df+1):df.

In the case that R,, -+ R < o0, and since 1" is polynomially growing tree, then there exists
a sequence {ay,} such that o, - o > 1 and Z,, < n**. Therefore,

— | o L
n logn n logn

12



If @ > 1, then for arbitrary small € > 0 and sufficiently large n, c,, > a—e€. Therefore,

log Z]C;o:n ]&%k < ].].m log thozn ka—l_f

lim =—-—a+te+1
n logn n logn
and hence
log(R - R,
fim 28— )
n logn
whence
dg>a+1

But, d; = a+ 1, and so proposition 4.1 implies that d; = dg,.
If « =1, then df = 2 and dg = 2, which completes the proof. O

The random walk dimension is defined to be

log E,.(T,
dr = lim sup L()

n logn (30)

where E,.(T},) is the mean number of steps that the SRW on T, starting from the root r,
has to make to hit level n. It can easily be shown that spherically symmetric trees are
smooth graphs. See [13] for the definition. Equation (1) leads us to conclude that dg = 2
for all spherically symmetric trees of polynomial growth.

Acknowledgment: The authors are deeply indebted to professor Yuval Peres for in-
forming us of references [4] and [14] and for his precise help in proving proposition 2.1
and theorem 2.3.
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