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Definitions

Wigner Random Matrix

Wi Wiz

Woy  Wop
W =

Wni Wp2

Where...
@ W is n x n Hermitian matrix
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Definitions

Wigner Random Matrix

Wit W2 ... Wyp

Way Wap ... Wap
W=

Wnt Wn2 ... Wpp

Where...
@ Wis n x nHermitian matrix
@ The entries wj are i. i. d. complex r. v. such that

E(w;) = 0and E(|w;|?) =1 foralli < j
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Definitions

Wigner Random Matrix

Wi W2 ... Wyp

Woi Woo ... Wop
W=

Wnt Wn2 ... Wpp

Where...
@ Wis n x nHermitian matrix
@ The entries wj are i. i. d. complex r. v. such that

E(wj) = 0 and E(|w;[?) =1 forall i < j
@ The entries w;; are i. i. d. real r. v. such that

E(w;) =0and E(w?) =1 for all i
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Definitions

Spectral Measure

@ The spectral measure of an n x n Hermitian matrix A is

1 n
= — Oy
HA n; Aid

where

0 A\ < )\ <--- < ), are the eigenvalues of A.
@ 0y is the point mass at x.

@ The limiting spectral measure of {A,} is the weak limit of a,,.
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Example

Wigner Theorem

The almost sure limiting spectral measure of {%Wn} is the semi-circle
law

71 (dx) = 217\/4 " XP1(—2 < x < 2)dx

-3 -2 -1 [ 1 2 3

Figure: The semi-circle law.
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Example

Wigner Theorem

The almost sure limiting spectral measure of {%Wn} is the semi-circle
law

yi(dx) = 217\/4 —x21(—2 < x < 2)dx

Figure: The semi-circle law.
Vo2(0X) = 515V402 — x2 1(—20 < x < 20)dx
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Definitions

Random Block-Matrices

A k x k Hermitian random block-matrix B(A, B, C,...) is a Hermitian
matrix whose entries are the Hermitian random matrices A,B.,C,. ...

If A,B,C,... are n x n Hermitian matrices, then B(A,B,C,...)is an
nk x nk Hermitian matrix.
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Example

Random Block-Matrices

The k x k Hermitian Toeplitz block-matrix defined as

A1 A2 A3 o o Ak,1 Ak
Ao A A o T Ay
T(k)(A17A27"'7Ak) = A_S A2 A1
A1 E A, A;
| A A A A |
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Example

Random Block-Matrices

Consider Hermitian Toeplitz block-structures based on the three
Hermitian matrices A, B, C

L*)(A,B,C) =T (A B,C,B,C,...)

For instance,

O w>
W >w
>W O
oo w>
OwW>rw

w>wo
>WO W

]L(3)(A,B,C) = ! ] , ]L(4)(A,B,C) =
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Existence Theorem

Existence Theorem

Theorem (Special Case-Oraby 2005)

Let ({An(i)};i=1,..., h) be a family of independent sequences of
n x n Wigner random matrices. For a fixed k x k Hermitian
block-structure B and each n, define

X := B(An(1), An(2), . ... An(h)).

Then there exists a non-random probability measure v p i which
depends only on k, h and the block structure B such that

[iX, > Vkpp aSN—o0  a.s.
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Existence Theorem

Outline of the proof.

@ The proof is based on the method of moments.
© Lemma. (Oraby 2005) For s =1,2,...

/xsuxn(dx)e/xsux(dx) asn—oo  as.
R R

where ...
o X=DB(ay,...,an)
@ ajy,...,ap are free semicircle random variables in some
noncommutative probability space.

©Q Fors=1,2,...
[ X0 = tia(X2)
R

© .x has a compact support in R.
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Examples

A BC B
A B
@) B c @ |BABGC
L&)(A,B,C)=| B A B |, L®(A,B,C)=
c B A CBAB
B CBA
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The limiting spectral measure of L(X)

Proposition.
Fix k > 2. If {A,},{Bn} and {C,} are three independent sequences of
Wigner random matrices and for each n

1 1 1
LK) . ,C(__A, —B,, —C
n (\/ﬁ n, n fh\/ﬁ n)
then
w k—1 1

Hpeo = —— 72 + K 2(k2—k+1)

as n — oo, almost surely.
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Some Examples

Examples

Case k=2

w
Py @ —

n

1

2

1
5’}’2—%*75 asn— oo

a.s.

2

Figure: The limiting distribution of 1, ).
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Simulations

A B C B
[A B] e BABC
B A C B A C B A B

B C B A
L3 LG L®#)

Figure: Empirical histograms of 100 L{™ matrices of n = 200.
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Some Examples

Simulations
A B C A B C B
B ABC
,,,,,,,, B A B
C B A C B AB
B CB A
L3 L® L®

Figure: Empirical histograms of 100 L(™) matrices of n = 200.
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Simulations

wo w>
HOW> W
Twrwo

>wWoOw

L3 L®

Figure: Empirical histograms of 100 L(™) matrices of n = 200.
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Simulations

L e L@

Figure: Empirical histograms of 100 L™ matrices of n = 200.
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Simulations

Figure: Empirical histograms of 100 L{(™ matrices of n = 200.
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Simulations

L6 L

Figure: Empirical histograms of 100 L{(™ matrices of n = 200.
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L®3) and others

@ Far, R., Oraby, T., Bryc, W. and Speicher, R.
Spectra of Large Block Matrices.
Submitted, 2006.

035

@ Operator-valued free
probability.

@ The Cauchy transform of a
measure p

01s

Gu(@) = [ 51 (@)

zZ—X
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L®3) and others

@ Far, R., Oraby, T., Bryc, W. and Speicher, R.
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® Gu(2) =5f(2) + }9(2) 035
03
@ System of equations: 025
z f = 1 + w 0.2
0.15
zg = 1+ g(g+23(f+h)) 01

0.05 |

2h — 4fh+g(f+h) ol
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L®3) and others

@ Far, R., Oraby, T., Bryc, W. and Speicher, R.
Spectra of Large Block Matrices.
Submitted, 2006.

035

03

025

@ Stieltjes inversion formula

p(dx) = 1 Ii?(q) IGu(x +iy)dx "
y

T 0.1

005
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Some Examples

Examples

Bai (1999)

"It could be that Theorems ... are still true when the underlying

variables defining the Wigner or ... are weakly dependent, say
¢-mixing, ..."

@ Schenker and Schulz-Baldes (2005)

@ Oraby (2005)

@ Anderson and Zeitouni (2006)
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Some Examples

Examples

Example (Oraby 2005)

| .
An | Bp Cn B
I
|
Bn | Ap Bn Cnh
I
]Lgf') - - - - _ - - - -
|
Cn I Bp An Bn
|
Bn | Cn Bn Ap
| d
v
w 1 1
i@ — 572+ 5% asSNn— o0 a.s.
n 2 2
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Some Examples

Examples

Example (Cont'd)
Forn=3

[ a1 a2 ag byt bz bz | o Gz Gz | bir bz by 7
app  ap  apg bz by bz | Cciz C Gz | bz b by
a3 a3  ag bz by bgz | ciz Cas Gy | bz by b
by byz byig ayy  app  ag by byz  big Cii Ciz  Cig
biz by bog app  axp  ap bip by b Cia G C3
@ biz by bgz a3 a3 ag biz by bg3 Ci3  C3  Ca3
W= - = Z [ - - - = - - -z Z
Ci11 G2 O3 by bz byg ayy  app  ag by bz byg
Cr2  Cp O3 bz by b2 aip  axp  axg bz by b2
Ci3  Cx O3 bizg bz bgz a3 a3 ag bizg bz bgz
by bz byg Ci1 Ci2  Ci3 by bz byg ajr  app  ag
bz by bog Ci2  Cp G bz by bog aiz  axp  axg
L big  boz  bg3 Ci3  Cx O3 big by bgz aig  a asgy
v
w 1 1
i@ — 572+ 5% asSN— o0 a.s.
n 2 2
v
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Examples

Example (Cont'd)

ran byt C b
byyayr by iy
Cri by apn by
by ci by an

aig bz ¢z bz
biz a3 bz cig
Ci3  biz  a;z big
by ci3 bz ag

app bz cip b2
bz az bz o2
Cio bz aip by
biz  ci2 bz a2

a3 byg  Coz bog
bog @ bz Co
Coz bz @y  bog
bog oz baz a3

ap  bxp  Con  bx
bop @ b G2
Coo bp  axp b
bop o bop  ax

aiz bz G2 bp2
x= | b2 a2 bz Cp
Cio bz app b
bz ci2 bz ap
a3 big Gz byg
bz a3 bz ci3
Cig bz a;z big
L biz Gz big  asg

agg  bsgg sz by
bsz asgs bz Cs3
Cs3 bz agz  bsg
bsz  Cs3  bsz  asz

ay  bpg  Coz o

Coz  bog A bz
bz Gz bog @

X is similar to L(*) ]
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Some Examples

Examples

Example (Cont'd)

For each n
rann by Gy by | ain bip Cip bip
by ayr byr oy | bip an  bip Cip
Cii by ap by | ¢in bin an bip
biy e byr an | bin cin bip  aip
|
Xp = I
|
aip bip Cin by | ann  bnn Cnn bnn
bip ayp b Cin | bon ann bpn Cnn
Cin bin a;p bip | S bon @ bpn
L bip  Cip bip  aip | bon Cpn bpn apn A
.
w 1
ux, — 5 Yo+ =7 aAsSN— o0 a.s.
v
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Thank you
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