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@ W is n x n Hermitian matrix

@ wj;i<jarei.i d.forall1<i<j< n,with mean 0 and
variance 1
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Definitions
Wishart Random Matrix

X=-A"A
n

@ Ais a p x nmatrix

@ Aj are independent Gaussian random variables such that
RAj, SAj ~ N(0, %) for every i, j




Introduction

Spectral Measure

@ The spectral measure of an n x n Hermitian matrix A is

1 n
= — Oy,
HA n; i

where
0 M\ < Xy <--- < ) are the eigenvalues of A.

@ Oy is the point mass at x.

o L CR, 1
Ejj{e. v.inL} = /LuA(dx)
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Spectral Measure (Cont'd)

@ Forevery k > 1

/ xpia(ax) = - Trace(AK)
R n

@ The limiting spectral measure of {A,} is the weak limit of
A,



Introduction

Simulations

Figure: Wigner matrix repeated 100 Figure: Wishart matrix repeated 100
times with n = 300 times with n =300 and p = 2n
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Wigner’s Law. wigner (1955, 1958), Bai (1999)

The almost sure limiting spectral measure of a sequence of
Wigner matrices {W,} is the semi-circle distribution
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Figure: The semi-circle distribution.
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Wigner’s Law. wigner (1955, 1958), Bai (1999)

The almost sure limiting spectral measure of a sequence of
Wigner matrices {W,} is the semi-circle distribution
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’ /
y1(dx) = Eﬂ 1[_2<x<2)(X)dx

Figure: The semi-circle distribution.
A/o2(dx) = 27:(72 Vdo? — x2 1[720§X§2U](X)dx
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Marchenko-Pastur’s Law. Marchenko and Pastur(1967), Bai (1999)

The almost sure limiting spectral
measure of a sequence of Wishart \
matrices {Xp} such that
limp_c 22 = a > 0is the
Marchenko-Pastur distribution with o \
mean o N

Figure: The Marchenko-Pastur
distribution with o = 2.

pa(dx) = max(1 — a, 0)dg(dx)
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Introduction

Free Probability Theory

We say that a family of sequences of random matrices
({An(N};1=1,...,h) is asymptotically free if for every
noncommutative polynomial p in h variables

trn (0(An(1), ..., An(h)) == 7 (p(ay,...,an)  as.

where (a4, ..., ap) is a family of free noncommutative random
variables in some noncommutative probability space (A, 7)
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Free Probability Theory

Free additive convolution

e If {A,} and {B,} are asymptotically free
m
@ up, > aSN—0o0 a.s.
m
U, — v asn— oo a.s.

where 1 and v are compactly supported in R

@ then
[A 4B, — pBr asn—oo  as.
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Free Probability Theory

Example

@ {A,} Wigner matrices

LA, =>4 asn—oo  as.

@ {B,} Wishart matrices
uB, = py asn-—oo  as.

if iMoo 22 = 1.

@ If A, and B, are independent, then

LA, B, —v1Bpy asn—oo  as.
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Free Probability Theory

Example (Contd)

e T.O. (2006)

1 2 3 4 5

Figure: The probability density functions corresponding to v¢ B p;.
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Free Probability Theory

Example (Contd)

For t # 0, (1 8 Di(py))(d) = f(x; t)dx

f(x;t) = 1t <H(X: t) — m) s, (1),5(01 (%)

hi(x;t)=2+2712 —3tx -3 x>+ 213 x5,

ha(x; ) =1 —tx+ t2 x2,

1

75 (M) + oz —ahatx?)

H(x;t) =

%\
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Free Probability Theory

Example (Contd)

S1(t) and so(t) are the two real roots of the quartic equation in x

44271 —Btx—x°—6P X2 +2tx°+48x° —Px*=0
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Random Block-Matrices

A k x k Hermitian random block-matrix B(A,B,C,...)
is a Hermitian matrix whose entries are

the random matrices A,B,C, .. ..
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Random Block-Matrices

Examples

A, B and C are n x n matrices ...

A B C
T®)(A,B,C)=| B A B |, C*(A B,C)=
C B A

oo mw>»
OwWw>w
w>wo
>WOm
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Girko’s Random Block-Matrix

Girko’s Random Block-Matrix. Girko (2000)

Eix Eox oo A+ Bk

@ The matrix Ais an n x n non-random symmetric matrix

@ The blocks Ej are i. i. d. random matrices

1
P(Ej=B) = P(Ej = -B) = >
@ The matrix B is an n x n non-random positive definite

symmetric matrix




Girko’s Random Block-Matrix

Girko’s Random Block-Matrix. Girko (2000)

A+E11B E12 E1k
Eio A+ Exn ... Eoy
Xnk = : : .. :
Eqx = R =

@ The matrix Ais an n x n non-random symmetric matrix
@ The blocks Ej are i. i. d. random matrices

@ The matrix B is an n x n non-random positive definite
symmetric matrix
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Girko’s Random Block-Matrix. Girko (2000)

Eix Eox oo A+ Ex

@ The matrix Ais an n x n non-random symmetric matrix

@ The blocks Ej are i. i. d. random matrices

1
P(Ej=B) = P(Ej=—B) = 5

@ The matrix B is an n x n non-random positive definite
symmetric matrix




Girko’s Random Block-Matrix

Generalization of Girko’s Block-Matrix. T.0. (2006)

A+ wy B wioB wixB
wo1 B A+ wnB ... W, B
Xnk = : : .. :
w1 B wyo B ... A+ w,B

@ The matrix Ais an n x nrandom Hermitian matrix

@ The matrix Bis an n x n random Hermitian matrix
@ The entries wj are i. i. d. random variables




Girko’s Random Block-Matrix

Generalization of Girko’s Block-Matrix. T.0. (2006)

A+ wy B wioB wixB
wo B A+ wnB ... Woy B
Xnk = : : - :
w1 B Wyo B ... A+wB

@ The matrix Ais an n x nrandom Hermitian matrix

@ The matrix Bis an n x n random Hermitian matrix
@ The entries wj are i. i. d. random variables




Girko’s Random Block-Matrix

Generalization of Girko’s Block-Matrix. T.0. (2006)

A+ w1 B wioB wyxB
Wo1 B A+ woB ... Wo, B
Xnk = : : . :
Wy B Wy B .. A+ wB

@ The matrix Ais an n x nrandom Hermitian matrix

@ The matrix Bis an n x n random Hermitian matrix
@ The entries wj; are i. i. d. random variables.

Assume W := (wj),_; ., is Hermitian




Girko’s Random Block-Matrix

Simulations (1/2)
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Figure: Histogram of the eigenvalues of X4 40 when By is a
Gaussian Wigner matrix.



Girko’s Random Block-Matrix

Simulations (2/2)

0.3

021

0.151

0.05[

o . mmnmmm@mm M HHH [l

-10 -8 0 2 4 6 8 10

Figure: Histogram of the eigenvalues of X40.40 when By is a Wishart
matrix with 2 = 1.



Girko’s Random Block-Matrix

The Limiting Spectral Measure

Theorem. T.O. (2006) Assumptions

@ There exists a compactly supported probability measure
such that
pw, = asn—oo  as.

@ For real t, there exist probability measures K(t; .) such that
tA 4B, — K(t;.) asn— oo  as.

and K(t; .) has a support that is uniformly bounded for ¢t in
any compact subset of R.



Girko’s Random Block-Matrix

The Limiting Spectral Measure (Cont'd)

Under these conditions we have

w

[im lim = lim lim v a.s.
n—oo k—oo qu”’k k— o0 N—0o0 MXn’k

where the probability measure v is defined as

V(dx) = /R K(t: dx) u(dlt).



Girko’s Random Block-Matrix

Corollary (1/2)

@ {W,} Wigner matrices
@ {A,} and {B,} independent Wigner matrices

2 4
Figure: Histogram of the ]!:igur.e: The prOba%i!ity denhsity
eigenvalues of Xs0 40 When Asg l_unlc.tlon Co”esf’g.” mbg t_o t ef
and B are Gaussian matrices. Imiting spectral distribution o

Xn.x When A and B are Wigner
matrices.



Girko’s Random Block-Matrix

Corollary (2/2)

e {W,} Wigner matrices

@ {A,} and {B,} independent & A, is Wigner and B, is
Wishart

g(x) = / F(x; ) 71 (ctt)

where f(x; t) is the pdf corresponding to 1 B D;(p1).
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Another Block-Matrix

Circulant Random Block-Matrices

The k x k Hermitian Circulant block-matrix defined as

A1 Ag A3 Ak_1 Ay
Ay A A . Ax_1
CH(Ay, Az, ,Ak)zjg R A A
A o o s AL A
| A Az . .0 A Ay

suchthat Aj = Ay _j.ofori=2,... k.



Another Block-Matrix

The limiting spectral measure of C¥)

Proposition. (T.O.)

Fix k > 2. If ({APY:e=1,..., %] + 1) are independent
sequences of Wigner random matrices and for each n

k
e = @AM, AP, ... ALy

then

where




Another Block-Matrix

Examples

Figure: The limiting distribution of 1.



Another Block-Matrix

Examples

Case k=5

w 4 1
K (5) —>§’y%+g’y% as n— oo a.s.

Figure: The limiting distribution of ).
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Existence Theorem

Existence Theorem

Theorem (T.O.)

Let ({Aff)}; ¢=1,...,h) be a family of independent sequences
of n x n Wigner random matrices. For a fixed k x k Hermitian
block-structure B and each n, define

X, :=BAY, AR A,

Then there exists a non-random probability measure vk p g
which depends only on k, h and the block structure B such that

[iX, > Vkpp @SN — 00 25




Existence Theorem

Outline of the proof.

@ The proof is based on the method of moments.
Q@ Lemma. (T.O.)Fors=1,2,...

/xsuxn(dx)e/xsux(dx) as n— oo a.s.
R R

where ...
(] X:B(a1,...,ah)
@ ai,...,ap are free semicircle random variables in some
noncommutative probability space.

Q@ Fors=1,2,...

1
S _ S
| X i(e) = 1 Trace(X)

©Q 1x has a compact support in R.
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