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Lab 1—
Sequences and Series

Chapter 8 of Stewart is concerned with sequences and series. The ultimate goal of the chapter is to investigate the
representation of functions by “infinite polynomials’ (power series). These are avery powerful tool in that we can frequently
deduce a power series representation for a function from a problem when we have not been given the function itself. The
progression of the chapter isto first define sequences and their limits, then define series (infinite sums) in terms of sequences,
and finally define power seriesin terms of ordinary series. In this lab we will look at the tools available in Mathematica for
working with sequences and series.

m Sequences

A sequence is an infinite string (or ordered list) of numbers, {a;, a,, ...}. In principle, the terms of the sequence could come
from anywhere with no rhyme or reason to a particular entry. In practice, however, if we are to work with a sequence, we
need some method of generating the terms. Sometimes, although not always, we may have an explicit formula for a, . For
example,

2n?-3
8 = 2y 2n

In other cases, including many interesting examples, the terms of a sequence may be given recursively. That is, in terms of
prior entries. For example, the well known Fibonacci sequence (introduced to describe the “Family Planning” habits of
rabbits) can be described as:

al=a2=1
anh =ap-1 tapn2M =3

Since in Mathematica a sequence is just alist, one tool available to usfor analyzing a sequence is ListPlot for viewing a
portion of the sequence graphically. If the terms of the sequence are given explicitly, a, = f(n) for some function f, asin the
first example, then we can easily generate a portion of the sequence for plotting with Table:

dear[f];

2n? -34/n Cos[n]
f[n_]:: )
nZ+2n-1
firstpart=Tabl e[f [n], {n, 1, 40}1;

I p=_ListPlot[firstpart, PlotRange-» All, Pl ot Styl es» Poi ntSi z¢. 01], AxesOrigi n» {0, 0}1;

ListPlot will plot asequence {a;, ay, ...} asthelist of points {{1, a;}, {2, a,}, ...}. We can see from the graph that the
terms of the sequence appear to be settling down. A limit of a sequence is anumber L to which the terms of the sequence are
tending. Mathematica has a built-in function Limit for symbolically evaluating the limit of functions. In this case,
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Li mit[f [n], N> ]

[Note: co can be entered from one of the palettes, asthe word Infinity (remember to capitalize), or as [esclinf[esc.]

In this example the function that produces the terms is defined for al x. Consequently, it is reasonable to ask for the limit of
f(x) as x - oo through &l real values. Thisis just asking whether f has a horizontal asymptote, and we can use our previous
techniques that were for working with infinite limits (in this case dividing top and bottom by n?). Pursuing this example
further graphically:

fp=Plot[f[x], {x, 1, 40}, Di spl ayFunctionrs I dentity Pl otStyl es RGBCol or[0, 1, 0]1];
Showl p, fp, Di spl ayFuncti ors $Di spl ayFunct i ob;

We can show analyticaly that f does have a horizontal asymptote at y = 2 and we can see this in the picture. If the graph as a
whole is converging to a horizontal asymptote y = L, then certainly the same is true when considering just the integer values,
and so the sequence will have alimit of L. Be careful, however, as the opposite is not true! If f does not have alimit, it may
till be the case that the sequence defined by f does, simply because f may be well behaved on the integers but poorly behaved
in between. Thisisillustrated in the following example.

G ear[f];
) 2n® -1
f[n_]::Sln[( ]n];

n2 +1
firstpart=Tabl e[f [n], {n, 1, 20}1;
I p=_ListPlot[firstpart PlotRange- All,
Di spl ayFunctions I dentity PlotStyl e-» PointSizdg.02], AxesOrigins {0, 0}1;
fp=Plot[f[x], {x, 1, 20}, Di spl ayFunctionrs I dentity Pl otStyl es RGBCol or[0, 1, 0]];
Showl p, fp, Di spl ayFuncti ors $Di spl ayFunct i ob;

It is also important to realize that traditionally we are very soppy about distinguishing between these two types of limits. We
usualy rely solely on whether we are using n or x asthe variable. This distinction makes no difference to Mathematica—a
variable is a variable! For the above examplethe limit of the sequence should be what? (Use your “hand” techniques to
determine to what the inside of sine is converging.) However, Mathematica tells us:

In[10]:= Limit[f [n], n- o]
which is the answer appropriate for allowing n to pass through all reals, not just the integers.

Do this: Find the limit of the sequence {\/n +2 - \/ﬁ} . [Thisis problem #21 from §8.1.]

o
n=

m Recursively defined sequences

For recursively defined sequences the only difference is getting Mathematica to understand how the sequence is defined.
Mathematica has no difficulty working with recursively defined functions. For example, to compute the eighth Fibonacci
number:
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G ear[f]
f[i1] =1;
f[2] =1;

fIn]1:=f[n-1]1+f[n-2]
f 8]

Note that we start by giving the initial cases and then the general rule. However, thisis not the way we will define arecursive
sequence as it is very slow. This is because every time it needs a new value, it must go back and recalculate all preceding
values. A dlight variation in the above definition instructs Mathematica to save any previousy computed values in memory
for later use. This significantly improves speed! The same Fibonacci definition in this alternate formis:

In[36]:= Cear[f];
fri] =1
fr21=1
finj1:=f[n] =f[n-1]+f[n-2]

Note only the last line has changed and now has the general form:
f[n_]:=f[n] =(recursive formula)
Be absolutely sure you use the proper structure for the definition_of a function of this type!
* Use _whereit is supposed to be used!
» Use: = whereit is supposed to be used!
» Use= whereit is supposed to be used!

A recursive definition works by applying the rule over and over until it reduces it down to the known cases.

Example: Consider the sequence consisting of ratios of successive Fibonacci numbers, b, = a, /a,_; . [See 88.1, #37] We
already have the function f to give us the Fibonacci numbers, so we can defineb, = g(n) = f(n)/ f(n—1):

In[31]:= O ear[gd];
gin_]:=f[n1/f[n-1];
Li st Pl ot[Tabl e[g[n], {n, 2, 10}],
Pl ot Range-» Al |, Pl ot Styl e» Poi nt Si z¢[. 03], AxesOrigi n» {0, 0}1;

On the (rather shaky) basis of this small sample, it certainly appears that this sequence is converging. To get an approxima-
tion of the limit we can look at afew of the higher terms:

g[201 // N
g[301 // N

Be careful not to rely too heavily on this sort of empirical analysis. Anything that involves an infinite process can have very
strange things happen. It is best to use these techniques as an aide to the methods in the book, (i.e. should you be trying to
show that a given sequence converges or diverges?) and for double checking an answer obtained by those methods.

Important: Notice that we have been careful to Clear our function before making a new definition. Thisis always a good
habit, but is vital when using the recursive definition structure shown above! With f defined as above it isimpossible to
redefine f to be used as anything else if it is not cleared first!!!! Thisis not an overstatement. f is now useless as anything else
until it has been cleared! If you forget and try, Mathematica will simply give you bogus output with no comment. You have
been warned! Consider trying to redefinef as f(x) = x* without first clearing:
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In[34]:=f[x_]:=x"2
f[4]

Example: Problem #49 of §8.1 defines the arithmetic-geometric mean of two numbers a and b as the common limit of two
codependent sequences. The definitions of the sequences {a,} and {b,} are given by:

al=a§b: b, = Vab

anza”’%b“v bnzm

We can use Mathematica’s capahilities to define these sequences and then plot them to observe their behavior. For this
examplewewill start witha=10and b= 1.

In[86]:= Clear[f, g, a, b]
a=10;, b=1;
g[1] =Vab;

fn_]:=f[n]=(fn-11+9g[n-11)/2
gln_]:=g[n] =Vf[n-1]g[n-1]

In[92] : = am= Li st Pl ot[Tabl e[f [n], {n, 1, 5}], Pl ot Styl e~ {Poi nt Si z¢. 02], RGBCol or[1, 0, 0]},
Pl ot Range- Al |, Di spl ayFuncti ons | dentity];
gm= Li st Pl ot[Tabl e[g[n], {n, 1, 5}], Pl ot Styl e» {Poi ntSi zg. 015], RGBCol or[0, 0, 1]},
Pl ot Range- Al |, Di spl ayFuncti ons | dentity];
Showfam gm Di spl ayFuncti ons $Di spl ayFuncti oh;

Dothis: Let {a,}bethe sequence definedby a; =1 anda, = V2 + a,_; . Plot the first part of this sequence and hypothesize
whether it converges or diverges. Estimate the limit if it appears to be convergent. [See §8.1, #44]

m Series

A series isaninfinite sum. Given a sequence {a;, a,, ...}, the sum of dl theseterms, a; + a, + ..., would be aseries. This
isaformal sum, as a priori we do not know that thereis any actual number we can reasonably assign as the value of this
sum. To determine a value we look at the limit of the sequence of partial sums, s, =a; +a, + ... + a,. Therefore, if

a, = f(n), then by definition the value of the series would be

Limit[ Sum[ [i], {i,1,n}], n—co]

if this limit exists. However, it is not necessary to express it this way as Sum alows usto use an upper limit of co (even
though clearly Mathematica cannot literally add up an infinite number of terms). For example, to compute the value of the
series 1+ ziz + siz + ... Wecan use:

Sunfl/n”2, {n, 1, ©}]
We can aso explicitly ask Mathematica to compute the sum numerically:

NSunfl/n”2, {n, 1, ©}]
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Again be careful about relying blindly on such results. It is possible for Mathematica to be fool ed. Consider the following
example:

NSunfl/n”2 + 10" (-8) /n, {n, 1, o}]

Mathematica reports that this series converges, when it in fact includes a multiple of the harmonic series 2nt , which will
causeit to diverge.

. . oo k 3
Do this: Compute the sum of the seneﬁzk_l T



