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1. Introduction

Etingof and Kazhdan recently proved that any finite-dimensional Lie bialgebra
may be quantized [3]. That is, there exists a topological Hopf algebra structure on
U (g)[[1]] such that the Lie bialgebra structure gns the one induced op by
passing to the ‘semi-classical limit’. From this they deduced a general procedure
for quantizing solutions of the classical Yang—Baxter equation (CYBE). Thus, at
least in theory, one can construct solutions of the quantum Yang—Baxter equation
from given solutions of the classical Yang—Baxter equation. Unfortunately, their
procedure is not easy to implement explicitly, even in small dimensional situations.

In this note we exhibit an explicit answer to this problem for a particularly
interesting family of Lie bialgebra structures ef(5). These are the bialgebra
structures associated to nonunitary solutions of the CYBE (or equivalently of the
modified classical Yang—Baxter equation (MCYBE)) as classified by Belavin and
Drinfeld [1]. For each such solution of the CYBE we constructRamatrix using
the Gerstenhaber—-Giaquinto—Schack (GGS) conjecture [4]. The YBE was verified
in each case usinglathematica

The GGS conjecture concerns the form of the quantization of such solutions
of the CYBE in the case ofl(n). The case o&l(5) is to some extent the first
interesting case. Fak(2) there are no solutions of the MCYBE except the standard
one. Forsl(3) the only non-standard solution is that associated to the well-known
Cremmer-Gervais quantization and §f4) the nonstandard solutions are essen-
tially of three types, the Cremmer—Gervais solution and two other fairly simple
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examples. The correspondi®gmatrices for the latter two types can be constructed
using other techniques [6]. On the other handst@b) there are 13 different types
of solutions to the MCYBE and for many of these the correspondthgatrix
was hitherto unknown. The validity of the GGS conjecturesf@b) gives strong
evidence that the conjecture should be true forall

2. Solutions to the CYBE and Quantization
2.1. THE BELAVIN-DRINFELD DESCRIPTION OF SOLUTIONS TO THE CYBE

Let g be a complex simple Lie algebra and jdbe a Cartan subalgebra. L&tbe
the associated root system ane set of simple roots. A classicalmatrix overg
is a an element € g ® g satisfying the classical Yang—Baxter equation

[r12, r13] + [r12, 23] + [r13, 23] = 0.

Take an invariant bilinear from on form gnand letr € g ® g be the associated
Casimir element. In [1], Belavin and Drinfeld gave the following description of
solutions of the CYBE which satisfy, + ro1 = ¢. These are the ‘nonunitary’
solutions.

LetI'y, I'; be two subsets dff and letr: I, — I'; be a bijection satisfying

Q) (za,tB) = (o, B) forall o, B € T;
(2) For everyu € I'y, there is & > 0 with oo € T'y but Tl ¢ Ty.

The data(z, I'y, I's) (or more concisely just) is often called 8elavin—Drinfeld
triple. Given such a tripler, an element® € h ® b is calledr-admissible if

(1) rip+rz =1,
(2) ta @D+ (1® a)r® =19,

where? is the component of in h ® h. A t-admissible® is necessarily of the
form 1°/2 + 70, wherei® € h A h. The set of all® forms a linear subvariety of
b A b of dimension(3) whered = #(I" — I'y).

Now t can be extended to an isomorphism of Lie subalgebras — g»
whereg; is the Lie subalgebra aof associated td;. Choosee, < g, such that
(eq, e_y) = 1 andr(e,) = e,, and define an ordering of by o < B if e = B
for some positive integekt. View g A g as a subset of ® g via the identification
xAy=1/2(x ® y — y ® x). Then Belavin and Drinfeld showed [1] that

r:r0+Ze,a®ea+ Ze,a/\eﬂ

a>0 a,p>0
a<f

is a solution of the Yang—Baxter equation satisfyipgt 1 = ¢ and that every
such solution is of this form for some choicegfl", = and/.
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For anyg there is the ‘trivial’ triple which hagy = TI', = #andi® € h A b
arbitrary. A particularly interesting triple faif(n) is the ‘Cremmer—Gervais’ triple
which has

' ={a 03, ..., 0,-1}, o ={og,a2,...,0,0}, and t(o) =a;_1.

In contrast to the trivial triple, there is a unique admissibl®r the Cremmer—
Gervais triple.

2.2. THE GERSTENHABER-GIAQUINTO—SCHACK CONJECTURE

The Gerstenhaber-Giaquinto—Schack conjecture is a conjectured form for the quan-
tization of the above classicaimatrices in the case whege= sl(n), considered
as a subset o#7,(C). In this setting, a quantization of a classieainatrix is an
R € M,(C) ® M,(C) which has semi-classical limitand satisfies the quantum
Yang—BaXter equatioﬁ’llengg = Ro3R13R1>.

Take the form to be the trace fortw, y) = Tr(xy) and leth be the Cartan
subalgebra consisting of diagonal matrices of trace zero. The standard Cartan—
Weyl basis is then

eq; = € sl ey, = €41 and hy = ey, e_o ] =e€ii — eiy1it1.

Let T be a Belavin-Drinfeld triple as described above and®let h ® h be z-
admissible. Set

a:Ze,a/\eﬂ, c+=Ze,a®ea, and c:Ze,a/\ea.

a,p>0 a>0 a>0
a<p

Sete = —(ac + ca + a?). Now definea by

alk i

~ ik alfels
a= a;q e @ ek,

wherea = ) d'je; ® ey and similarly fore. Setg = ¢ — ¢~*. The standard
R-matrix is then

0 n =~ ~
Ry=q"""+ge, =q) jei@ei+) ei®e;+q) e ®eji
i i#j i>j

Itis easy to check thaR, satisfies the quantum Yang—Baxter equation andRifat
satisfies the Hecke relati@q® R, — g) (PR, +¢~1) = 0 whereP is the permutation
matrix.

GERSTENHABER-GIAQUINTO-SCHACK CONJECTURIEett be a Belavin—
Drinfeld triple for si(n) and suppose® = ¢%/2 + 79 is r-admissible. Then the
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matrix R = ¢" (R, + a)q" satisfies the quantum Yang—Baxter equation ARd
satisfies the Hecke relation.

Taking t to be the trivial triple yields the standa®+matrix when® = 1°/2
and the standard multiparametRrmatrices when® is arbitrary. For use later,
let R(*%) = ¢ (R,)g"" denote the standard multiparamefmatrix. As is well
known, if 0 = [0/2 + Zi<j Cijeii N\ €jj then
R(r% =g¢q Zeii ® e + Z(C]C”eii ®ejj+q “Yej;®ei) +4 Zeij ® eji.

i i<j i>j
For the Cremmer—Gervais triples described above the formula gives the Cremmer—
GervaisR-matrices [2].

2.3. THE GGS CONJECTURE FORI(5)

We now consider the explicit form of thR-matrices associated to the Belavin—
Drinfeld triples ons((5). According to the GGS Conjecture, eakhs of the form
R(°) + Gq™aq™ for an admissible®. The specific form ofR (%) has already
been exhibited. The other summadaéqfo, is always a sum of ‘quantized’ wedge
products. Specifically, for positive roatsandg and any constant, sete , A.eg =

g e_q ® €5 — q°eg ® e_,. For all triples, the terng aq”” is always of the form

Z €—a Ne(a,p) €8>

«o,f>0
a<f

where the constants«, 8) are determined by ande.

Denote by7 the set of triples oml(5). Notice that if(z, I3, I'p) is a triple,
then(z~1, ', I'y) is also a triple. Also the graph automorphismAfinduces a
bijection on the set of triples. Since these two involution§ afommute, this gives
an action of the groufd /27 x Z./2Z on T .

PROPOSITION 2.1.The Gerstenhaber—Giaquinto—Schack conjecture is true for
n = 5. The triples below comprise a complete set of representatives from the
13 orbits under the action of./27Z x 7Z /27 on T . For each triple the generic
admissibler® and the HeckeR-matrix produced by the GGS conjecture are also
explicitly given.

(1) IT1] =3
(&) The ‘Cremmer—Gervais’ triplel'y = {ao, oz, as}, T2 = {o1, ap, oz},
T(o) = @;-1!

r® = 1%/2+ 1(=3hoy A hay — Bhgy A gy — 3hay A, —
—4hg, A hyy — 4hg, A hgy, — 3hos A hy,),
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R = R(r°) + G(esa Noys e3a+ esa Aays ez +
+e54 Neys €12 + €43 Agy5 €23 +

+e43 Nays5 €12 + €32 A5 €12 + €53 Apjs €24 + €53 Agy5 €13 +

“+ear Noj5 €13+ €52 Aojs e14).

(b) The ‘generalized Cremmer—Gervais’ tripl& = {oq, as, aa}, T2
{1, az, o}, (o) = o, wherej =i + 3 (mod 5):

r® = 1%/2+4 L(hay Aoy — 2oy Ay + hay Ao, —
—2hgy Aoy — 2hgy A hgy 4 hos A hy,),

R = R(r% + §(esa Ayys ez + €1 Aags eas +
+e43 Ng/5 €23 + €21 Noys5 €45 +

+ea3 A45 €45 + €43 Nojs €12 + €53 Aojs e13).

(2) Iy =2
(@) I'y = {az, as}, 'o = {ag, az}, T(@;) = aj_:

1% = 192+ choy A hgy + (¢ = 1)/2) oy A hgs + Choy A hgy —
_((1 + 36)/4) haz N ha3 + ((C - 1)/2) haz N ha4 +

+chey A hyy,

R = R(r%) + G(e43 A@reyjs €12 + €54 A3rey/s €23+ €53 A(1_o)/2 €13)-
(0) Ty = {az, a4}, T2 = {og, @2}, 7)) = 05
r® = 192+ L(—chyy A hay — (L4 Ohgy A hgy — 3hay A hgy —
Ny A gy 4 (€ — Dy A oy + hag A ay),
R = R(r® + G(esa Azj5 €12+ ea3 Aass €23 + es3 Agjs (—e13)).
(©) 'y = {2, aa}, T2 = {ag, a3}, 7)) = ;1!
r® = 192+ chyy, A hgy + (L4 3¢)hgy A by, +
+(8¢/3+ Dhay Ay + (14 30)hay A iy +
+(1+ 30) ey A hay + Chag A hg,,

R = R(r® + Gh(eza Aryc €12+ €54 ALy €34).
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(d) T1 = {az, a4}, 'z = {1, a3}, T(oa) = 0, T(02) = 003!
r® = 1%/2+ 12— hoy A ho, +
4 (1= gy A hag — 3hay A By +
+ 2hay AN hog + (¢ = 1) hoy A hay + chag A hay),
R = R(r% + Gesa Noss €12+ €32 Agys €34).
(e) I'1 = {o1, a3}, 'y = {og, a4}, T(e;) = «j, wherej =i 4+ 3 (mod 5):
% = 1%/24+ (1= 3¢)/2)hy, A by, +
+((c = 1)/Dhgy A hgy + choy A hg, +
43¢ — 1) gy A by + (3¢ — Dhy A gy -+ Chag A iy
R = R(r® + G(e4s A1130)4 €12 + €21 A(1130)/4 €a5 + €43 A1 €45).
() T'1 = {as, aa}, T2 = {on, a2}, 1) = o1
r® = %2+ ((c = 3)/6)hgy A ho, +
+((c = 1)/2)hgy A hoy + chay A gy +
(¢ = 1)/2) hay A o + (4¢/3hay A gy + g A By,

R = R(r%) + G(e32 A1j21c/6 €12 + €43 A1j2+c/6 €23+

+ €43 A1qc/3 €12 + €42 AN1/24¢/6 €13).

(3) I =1
(@) I'y = {1}, I'> = {a2}, (1) = az:

r® = 1%/24 (14 9)/3hay A oy + Yhay A g +
+(Bz — x)/3hay A hoy +
+Yhay N hgy 4 2hgy A hey + Xhoy A hy,,
R = R(°) + G(ea1 Az—y)/3 €23).
(b) I'y = {oa}, T2 = {as}, T(1) = a3t
r = 1%2+ ((z = 2y)/Dhgy A hay +
+((L4+x)/2hey AN hgy + xhgy AN hg, +
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+Y hogy AN hgy + 2hgy A hg, + xXhey A hy,,
R = R(°) + G(ea1 A—2)2 €34).

(€) T'1 = {oa}, T2 = {aa}, (1) = 4
r® = 1924 ((y = 22)/2hey A hay + (v = 2X)/2)hay A ey +
+((X—x4+2)/2hgy A hg, +
+Yhoy Ahgy + 2hey AN hey 4+ Xhes A hg,,

R = R(r°) + G(ea1 A(yy2)/a €as).
(d) 'y = {a2}, I'2 = {az)}, T(a2) = as:

r® = 1%24 (=14 3y = Dhoy Ao, +
+(=1—=x+3y)hey Ahgy+ 32— x) hoy A hgy +
+Yhay, Ahgy + 2hey A hey + Xhey A hg,,

R =R() + Gesa Ay €30).

(4) IT'y| = 0 The ‘trivial triple’ Ty = T, = &

0 =172+ Pwith7° € § A harbitrary,
R = R(r%) is the standard multiparamet&-matrix.

Perhaps the most interesting n&amatrix is that associated to typéb}, the gen-
eralized Cremmer—Gervais triple. Like the Cremmer—Gervais tripl&;,itghich
must omit at least one root, omits precisely one and thu# it uniquely de-
termined. Settingg = —¢g, the matrix form of the generalized Cremmer—Gervais
R-matrix is shown in Table |

3. Conclusion

We have constructed here quantizations of each type of non-unitary solution of the
classical Yang—Baxter equation fei(5). In so doing we verified in this case the
conjecture of Gerstenhaber, Giaquinto and Schack. This gives further evidence that
the GGS conjecture should be true for all Belavin—Drinfeld triples(oi).

One can proceed in the usual way to construct for each of thegsgquantization
of C[SL(5)], the algebra of algebraic functions onc8h). First one constructs
the associated bialgebr&(R). Using a case-by-case analysis one can see that
the Poincare series of the associated quantum space and exterior algebra are the
same as in the commutative case. TAY®) contains a group-likg-determinant
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elementD which turns out to be central. Hence one may define a Hopf algebra
structure onCz[SL(5)] = A(R)/(D — 1). SinceR is a Hecke symmetry in the
sense of Gurevich, it is possible to exploit some Hecke algebra techniques to show
that the category of comodules over these Hopf algebras is equivalent as a rigid
monoidal category to the category of comodules d@y¢8L(5)] [5, 7, 8]. Hence
theseR-matrices do produce genuine nonstandard quantizatioBgSaf(5)].
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