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K-THEORY AND RIGHT IDEAL CLASS GROUPS
FOR HNP RINGS

TIMOTHY J. HODGES

ABSTRACT. Let R be an hereditary Noetherian prime ring, let § be a “Dede-
kind clogsure” of R and let T be the category of finitely generated S-torsion
R-modules. Tt is shown that for all © > 0, there is an exact sequence J —
Ki(T) — Ki(R) — Ki(8) — 0. If £ = 0, or R has finitely many idempotent
ideals then this sequence aplits.

A notion of “right ideal class group” is then intreduced for hereditary
Noetherian prime rings which generalizes the standard definition of class group
for hereditary orders over Dedekind domains. It is shown that there ig a de-
composition Ko(R) = CI(R) @& F where F is a free abelian group whose rank
depends on the number of idempotent maximal ideals of R. Maoreover there
is a natural isomarphism Cl{(R) = Cl(S) and this decompaosition corresponds
closely to the splitting of the above exact sequence for Ky.

1. Introduction. This paper is primarily concerned with describing the K-
groups K,;(R) (as defined by Quillen in [13]) for R an hereditary Noetherian prime
ring (abbreviated to HNP ring). Two fundamentally different approaches are taken.
First of all; by taking a purely categorical point of view, we obtain an expression
for K;(R) in terms of K;(S) where S is a sort of “locally finite” torsion-theoretic
localization of R, and K;(7T) where T is the corresponding torsion class. When R
has finitely many idempotent maximal ideals, the most interesting case occurs when
S is a Dedekind prime ring right equivalent to R. For a general HNP ring, we define
a set of “Dedekind closures” of R which coincide in the above case to the Dedekind
prime rings right equivalent to R. Again the theory applies to such a Dedekind
closure S, yielding short exact sequences 0 — K;(T) — K;(R) — K;{§) — 0 for
all { > 0. Furthermore K;(T) may be identified as the direct sum of K;{(R/M)
where M ranges over some restricted set of idempotent maximal ideals.

The second approach is a more detailed analysis of Ko R) using the fine structure
of HNP rings worked out by Goodearl and Warfield in [6, 7]. We define a notion
of “right ideal class group” CI{R) generalizing the classical definition for Dedekind
domains and the definition for hereditary orders over Dedekind domains in (14,
p. 343]. We show that Ko{R) = CI(R) & Ho{R) where Ho(R) is a free group
whose rank depends on the number of maximal idempotent ideals of E. It turns
out that this class group is invariant under Dedekind closure (generalizing a result
of Jacobinski for hereditary orders (14, Theorem 40.16]). Thus by splitting off a

Received by the editara July 22, 1985 and, in revised form, August 12, 1986,

1980 Moathemaotics Subject Classification (1985 Rewision). Primary 16A14, 16A54; Secondary
18F25.

Key words and phrases. Hereditary Noetherian prime ring, K-theory, class group.

@ 1987 American Mathematical Society
0002-9947 /87 $1.00 4 §.25 per page

751



752 T. ]J. HODGES

suitable rank one summand from Hy(R), there are natural isomorphisms Cl{R) ®
Z = Ko(8) and Ho(R) 2 Ko(T). Thus the splitting described above corresponds
very closely to the exact sequence obtained in the first section.

2. Exactness of K,(—). In this section we prove some general results about
when Quillen’s long exact localization sequence of K-groups [13] splits into short
exact sequences. We will be interested in generalized torsion-theoretic localization
and we here recall some of the concepts described in [19]. A perfect right localiza-
tion of a ring R is an epimorphism (in the category of rings) ¢: R — S such that
8 becomes a flat left B-module. The crucial property of such extensions is that
S ®p S = 5 as 5-9 bimodules. This implies that if ¢.: Mod-R — Mod-3 is the
functor M — M ®p 9 and ¢*: Mod-S — Mad-R is the restriction functor then
¢.¢" is naturally equivalent to the identity functor on Mod-$ [19, XI.1.2].

Our K-theoretic notation will mostly follow [13]. If R is a right Noetherian
ring we denote the category of finitely generated right E-modules by Mod f-E. We
let K/(R) = K;(Mod f-R) and K,(R) = K,(P(R)) where P{R) is the category of
finitely generated projective right B-modules. Our main tool will be the localization
theorem [13, §5, Theorem 5]. Let S be a perfect right localization of R and let T
be the subcategory of Mod f-R consisting of S-torsion modules, that is modules M
such that M ® 5 § = 0. Then T is a Serre subcategory of Mod f-R such that the
quotient category is Mod f-S. Hence we have a long exact sequence of K-groups in
this situation. We first observe that if 5 is also finitely generated as an E-module,
then this long exact sequence splits into short exact sequences.

At various points, our categories of modules need to be small categories (in the
sense that the objects form a set) in order for results from [13] to apply. However
we can always replace these categories with an equivalent small category by taking
a single module from each isomorphism class. We make no further mention of this
fact and we shall assume implicitly that we have passed to the small equivalent
category whenever necessary.

For readers unfamiliar with higher K-theory, it should be noted that the following
results can be obtained for K using anly the definitions and results in [1].

THEOREM 2.1. Let R and § be right Noetherian rings and let ¢: B — 5 be a
perfeet right localization. Let T be the torsion subeategory of Mod f-R consisting of
modules M such thet M @p 5 = 0. If 5 is finitely generated as ¢ right B-module,
then the long exact localization sequence splits into split short exact sequences,

0— Ki(T) — Ki(R) — Ki{(§) — 0.
Proor. Applying K.(—) to the short exact sequence of Noetherian categories,
T — Mod f-B —» Mod f-§
yields, by [13, §5, Theorem §)] the long exact sequence,

o KL (8) 2 KT — KU(R) 2 gy Lok ((T)— -

where ¢, : Mod f-R — Mod f-§ is given by - @p8. If ¢*: Mod f-§ — Mod f-R
is the restriction functor, then as noted above, ¢,¢* is equivalent to the identity
functor whence K;{¢.)K,(¢*) is the identity on K!(§). Hence the connecting maps
8 are zero and the sequence splits into split short exact sequences
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COROLLARY 2.2. Let R, S and T be as above. If oll finitely generated right
R-modules have finite projective dimension, then

K (R)= K(S)® K,(T).

EXAMPLE. As an example we analyze the K-theory of R = (fz %] Let S be
the 2 x 2 matrix ring over Z. Since S and R contain a common right (resp. left)
ideal I such that S1 = & (resp. IS = §), it follows from [15, 2.1] that S is finitely
generated and projective as both a left and a right B-module. Hence § is a perfect
right localization of R. It is not difficult to see that the subcategory of finitely
generated S-torsion R-modules is naturally equivalent to Mod f-(Z/nZ). Hence if

n=p]' - p;* for some primes p,...,p; and positive integers r,...,rs, then
K(TY=EPKUZ/p; Z) =D K(Z/p;2)
J 7

by devissage [13, §5, Theorem 4]. Thus, by Theorem 2.1,

K(R)=K(2)® (@ Ké(Z/pr)) -

In particular,
Ko(R) = 2+,

. Ki(R)=Z/Z: & @(Z/(Pj - I)Z)) ]

1
Ki(R)=2/7,
(see (12, Corollary 10.2 and Corollary 10.8] for the relevant facts on Ky).

Now let A be a directed set. Let {5,; A € A} be a set of perfect right localizations
and let {Ty: A € A} be the associated torsion subcategory of Mod f-R. Suppose
further that the set {T,; A € A} forms a directed family of subcategories with maps
iﬁ: T — Ty, just inclusion functors. Then the {Sx; A € A} form a directed family
of A-modules. It is easy to see that T =|J, T, is another torsion subcategory of
Mod f-R and that the associated localization § of R is isomorphie to l_i_II}lSA as a

left B-module. In particular S is flat as a left R-module and is again a perfect right.
localization of R.

THEOREM 2.3. Let R, 5, § and T be as deseribed above. Suppose further that
each Sy is finitely generated as a right R-module. Then the long ezact K -theory
localization sequence asseciated to the localization § of R splits into short exact
sequences

0— K;(T)— K/{R) — Kl(§) — 0.

PROOF. We work in the category of A-directed systems of small categories and
exact functors. By assumption the set {7);A € A} together with the inclusion
functors 7} is such a directed system. Similarly the set {Mod f-Sy; A € A} together
with the functors pﬁ = — ®s, Su: Mad f-S5 — Mod f-5, is a A-directed system.
To see this it suffices to observe firstly that g} is exact and secondly that ptp) is
naturally equivalent to g}. The first fact follows because for M € Mod f-S,,

pﬁ(M)ZM@Js* 85,=2M®rS5R®s, Su=M®RpS,
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or in other words p, is naturally equivalent to — ®p S,. The second fact follows
similarly. Now since T, «— Maod f-E —» Mod f-S) is an exact sequence for each A,
there is an exact sequence of A-directed systems,

{Tas A € A} © {Mod f-Ri A € A} — {Mod f-Sx; A € A},

Taking direct limits then gives a new exact sequence. It is easy to see that lim =
T, hence since the middle term is again just Mod f-R, we have that li_r)n(Mod F-8x)

is equivalent to Mod f-5. Applying the functor K;(—) to the above exact sequences
yields a A-directed system of abelian groups,

0— {H(T)A €A} = {K(R) X €A} — {K(Sh);aeA}—0.
Taking direct limits gies an exact sequence
0 — lim K,(T3) — lim Ki(R) — Im Ki(5)) - 0.
Now using the fact that lim commutes with K;(~) [13, §2] we have
liTr_>nK1-(TA) = Ki(lim T = K(T)

and
lim ,(55) = K. (lim(Mod f-85)) = Ki(Mod /-S).

Hence we have short exact sequences for each ¢ > 0,
0— K(T)— K[(R)— K[(S)—0.

3. Embedding HNP rings in Dedekind domains. In this section we in-
vestigate closely the Dedekind prime rings contained between a given HNP ring
R and its quotient ring. In particular we show that R is always contained in a
Dedekind prime ring which is a directed union of subrings finitely generated as
right F-modules. We call such a ring a Dedekind closure of BE. At the same time
we prove some results of independent interest. We identify those overrings of R
which are Dedekind prime rings and we use this result to say precisely when R is a
finite intersection of Dedekind prime rings. Some of these results are hinted at or
stated without proof in [17 or 18]. However, to our knowledge, they do not appear
anywhere in the literature.

For the readers convenience, we recall some of the well-known properties of HNP
rings, as found in [2, 3, 6, 15]. If R is an HNP ring, then R/ is artinian for all es-
sential one-sided ideals I of B. Hence all finitely generated singular B-modules have
finite length. Also, it follows that R has right (and left) Krull dimension at most one
in the sense of [8]. For any module A, we define submodules soc®(A4) < sac’(4) €
-+ by setting s0c®(A) = 0 and soc™(A)/soc™ 1{A) = s0¢(A4/soc” ' (A)). In par-
ticular, if A is a singular module, then A = |J,—, soc™{A). For any R-module A,
we use Ep(A) to denote the injective hull of A, dropping the subscript where no
ambiguity can occur.

The right order of an ideal I of R is the ring O,(f) = {z € Q|Iz < I}, where
Q is the classical quotient ring of R. The left order O;(J) is defined similarly. A
cycle of idempotent maximal ideals of R is any finite ordered set {My,..., M,}
of distinct idempotent maximal ideals such that O,{(M;) = Oi{Ma2), Or(M,) =
Oi(M3), ..., O (M,) = Oy{My). Stafford and Warfield have recently found an
example of an HNP ring containing a cycle of length p for all primes p [18].
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For any set A of simple left R-modules, the localization 5 with respect to A is
defined to be

S = {q € Qg € R or the composition factors of Rg+ R/R lie in A}.

Then S is, in the language of [19], the perfect left localization of R with respect
to the torsion theory generated by the members of A [19, VII-3, IX and XI|. Such
rings were studied by Kuzmanovich in [11] and by Goodearl in [4]. In the language
of the latter paper S is the localization of R at the set of maximal left ideals
such that R/I ¢ A. It is shown in [4] that any ring T contained between R and
@ is the localization with respect to the set of simple R-modules that occur as
subfactors of T/R. This then gives a 1-1 order-preserving correspondence between
sets of (isomorphism classes of ) simple left R-modules and subrings of @ containing
R [4, Theorem 5]. It is easy to see that if M is an idempotent maximal ideal of R,
then O,(M) is precisely the localization with respect to the simple left R-module
annihilated by M.

Goodearl’s result of course also applies on the right, so rings contained between R
and @ are also localizations with respect to a set of simple right R-modules (defined
analogously). This is the point of view needed to apply Theorems 2.1 and 2.3.
However, it is the set of torsion left modules that is most natural to describe, so
we will do a certain amount of switching from side to side. The relation between
these two sets of simple modules is given in Lemma 4.1 (one is just the dual of the
other in the sense described below).

For our purposes it will often be more convenient to work with simple right or
left R-modules rather than maximal ideals of R. There are a number of natural
operations on the sets of right and left simple R-modules which help clarify the
results of [8 and 7] and prove to be useful tools. Firstly there are two operations
which take simple right modules to simple left modules and vice versa.

(1) The dual: V' = Exth(V,R). The duality functor Exth(—, R) is in fact
defined on the category of all torsion B-modules and has many useful properties
(see [21] for more details).

(2) The “opposite” (defined only on unfaithful simple modules): we define VP
to be the R-module Homp, e (V, B/M) if V is an unfaithful module with annihi-
lator M. Of course VP ig just the simple right module whose annthilator is the
annihilator of the simple left module V' and vice versa.

Combining these two operations, yields maps from simple left modules to simple
left modules and from simple right modules to simple right modules.

(3) “Upper shriek”: V' = (V1)°P (defined on all simple modules whaose dual is
unfaithful).

(4) “Lower shriek”: V; = (V°P)! (defined on all unfaithful simple modules).

We can now record some basic facts about these operations.

PROPOSITION 3.1. Let R be an HNP ring and let V be a simple (left or right)
R-module. Then

(a) VTV,

(b} For V unfaithful, (VOP)P = V.

(¢) For V unfaithful, (V))' 2 V.

(d) For V such that VT is unfaithful, (V) = V.
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PROOF. Part (a) is a well-known property of the duality functor proved in [21].
The other parts are then clear.

We now wish to reinterpret some of the main results of [6] into our new termi-
nology.

PROPOSITION 3.2. Let R be an HNP ring and let V be an unfaithful simple
left R-module with annihilator M.

(L) If M is invertible, then V| = V.

(2) If M is idempotent and U is another unfaithful simple left R-module with
annihilator N, then U = Vi if and only if N is idempotent and O)(M) = O, (N).

(3) If U is a simple left R-module, then Exth{(U,V) # 0 if and only if U = V.

PROOF. Let ¢} be the classical quotient ring of R and let M* = {z € Q|zM €
R}. Then it is clear from the definition that V| is a simple submodule of the left
R-module M*/R. If M is invertible MM™ = R, so V| ® V. Part (3) then follows
in this case from [6, Proposition 1]. On the other hand, if M is not invertible, then
M* = O{(M) and the rest of the proposition follows from [6, Theorems 7 and 8.

We define a eyele of simple left R-modules to be a set {U;,...,U,} of simple
left R-modules such that U; = (U;_)y for all 1 = 2,...,n and Uy = (U/,);. Then
by part (2) of the above proposition, the annihilators of the U/; form a cycle of
idempotent maximal ideals.

Since it will be fundamental to what follows we now state one of the main
theorems of [6].

THEOREM 38.3. Let R be an HNP ring and let U be an unfaithful simple left
R-module. Set E; = soc*(Er(I))/soc* Y Er(U)). Then one of the following situ-
ations occurs.

(1) E; = U for all 1. (In this case anng U is an invertible ideal.)

(2) There exists a eycle {U = Uy, Us, ..., Un} of unfaithful simple left R-modules
such that E; = Uy, whenewver k € {1,...,n} end i = k (modn). {In this case the
ideals anng U; form a cycle of idempotent mazrimal ideals).

(3) There exists an n such that E; is an unfaithful simple left R-module for
i=1,...,n and En | 18 @ fasthjul simple left R-module. Furthermore, E;y = (E; )
Jor all i = 1,...,n. (In this ease anng U is an idempotent mazimal ideal not
contained in any cycle.)

We define a simple left R-module to be of type 1, 2 or 3 according to whic¢h
of the above situations occur. Notice that the idempotent maximal ideals are the
annihilators of the type 2 and 3 simple left R-modules. Hence R is a Dedekind
prime ring if and only if all simple R-modules are of type 1.

There is a natural directed graph I' associated to the set @ of unfaithful simple
left B-modules. The vertices of the graph I" are the isomorphism classes of unfaithful
simple left R-modules and the vertex ¥ is linked by an arrow to U/ if and only if
I7 = V|, This graph is of course equivalent to the link graph of prime ideals described
in [10]. Its connected components are either cycles or strings (if we consider a vertex
linked to itself as a trivial cyele and a vertex with no edges coming out of it as a
trivial string). Notice that all the strings are finite by [6, Corollary 21}.

We define an equivalence relation on unfaithful simple left R-modules via U ~ V
iff I/ and V lie in the same connected component of I'. For A a subset of &, we
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define _
A={Ued|U ~V for some V € A}.

We will be interested in the following types of subset of &. A full, deleted subset. of
P is a subset A of type 2 and 3 modules such that A\A consists of precisely one
element of each cycle in A. A complete deleted subset of ® is a full deleted subset
A such that A contains all the type 2 or 3 modules.

We now proceed to construct the “Dedekind closure” of an arbitrary HNP ring
as deseribed in the introduction. There are of course two different approaches
to showing that a ring is a Dedekind prime ring. One is to show that it has no
idempatent. maximal ideals and the other is to show it only has type 1 unfaithful
simple modules. Here we take the module theoretic approach for two reasons:
firstly because it fits in better with the techniques of the rest of the paper but
mainly because simple modules sre slightly easier to keep track of under this general
localization than are maximal ideals.

We first state explicitly some results from [19] that will be used frequently in
the following.

LEMMA 3.4. Let R be a ring and let § be a perfect left localization of R, Let M
be an S-torsion-free left R-module. Then as R-modules, Ep(M) = Ep(S®p M) =
Es(8 ®p M). Furthermore, a3 an R-module, S @p M 1is isomorphic to the largest
submodule N of Eg(M) such that N/M is S-torsion.

PROOF. [19, IX.2.3].

LEMMA 3.5. Let R be an HNP ring, let A be a set of simple left R-modules
and let § be the localization of R with respect to A. Let U be a simple left B-module
such that U & A,

(1) If U is a type 1 R-module, then S@p U = U as R-modules and SQr U is ¢
type 1 simple S-module.

(2) If{U = Uy, Uy, ..., Un} is a cycle of simple left R-modules and U; € A for
1=2,...,n, then SQp U = soc™(Eg(l))) and S Qg UV 13 a simple left §-module of
type 1.

(3) If U i3 a type 3 R-module, then § ®p U is either o faithful or a type 3
unfotthful simple §-module.

PROOF. These follow from Lemma 3.4 and [6, Theorem 22].
We shall use the following result later in §5.

PROPOSITION 3.6. Let B be an HNP ring. Let A be a full deleted set of
unfaithful simple left R-modules and let S be the localization of R with respect to
A. Let P! be a nonzero tdempotent mazimal tdeal of 5 and let P = P'NR. Then P
is an idempotent mazimal ideal of R such that PV # 0 for allV € A. Furthermore
P =8P =P5=8PS5.

PROOF. Let V! be an unfaithful simple left 5-module annihilated by the nanzero
idempotent maximal ideal P*. Then V = sacp{V’) is an unfaithful simple R-module
and 8 ®p V = V'. Now since V' is a type 2 or 3 simple S-module, it follows from
Lemma 3.5 that V is a type 2 or 3 simple R-module such that V ¢ A. Thus
since A is a full deleted set, V' =2 soc?(Ep(V))/V ¢ A. Hence by Lemma 3.4,
V! =V. Thus if P = anng V, it is clear that P = P'N R. Further P is idempotent
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because V' is type 2 or 3. But now since & is bath a right and left localization of
R by [4], we always have, for any right (resp. left) ideal of R, that I = (INR)S
{resp. I = S{I N R)), whence it follows that P’ = SP = P§ = §PS.

THEQOREM 3.7. Let R be an HNP ring, let A be o complete deleted set of
unfarthful simple left R-modules and let § be the localization of R wnth respect to
A, Then 8 15 a Dedekind prime ring.

PROOF. This result is immediate from the praposition and the definition of a
complete deleted set.

DEFINITION. A localization 5 of an HNP ring R with respect to a complete
deleted set of unfaithful simple modules will be called a Dedekind closure of R.

These Dedekind closures § have twao other interesting properties: firstly, no ring
strictly contained between R and & is also a Dedekind prime ring and secondly, 8§
is the directed union of subrings right equivalent to E.

In order to prove the first statement, we prove a slightly more general result
which identifies exactly which rings containing R are Dedekind prime rings. In
particular this enables us to state precisely which HNP are finite intersections of
Dedekind prime rings.

THEOREM 3.8. Let R be an HNP ring, let A be a set of simple left R-modules
and let 5 be the localization of R with respect to A. Then S is a Dedekind prime
ring if and only if the following two conditions hold.

(1) Each cycle of unfaithful simple left R-modules contains at most one member
not in A,

(2) For any complete string 2= {U;,.. ., U} of type 3 unfaithful simple left R-
modules, either 3 < A or there exists ant between 1 and n such that {Uy, ..., Uiy,
Uid1r.. o U, UL} < AL

PROOF. First suppose that the two conditions are satisfied. Let V' be an
unfaithful simple left §-module and let V' = socp(V']. Suppose that V' is a type 2
or 3 §-module. Then V must be an unfaithful type 2 or 3 R-module by Lemma 3.5.
Because of condition (1) and Lemma 3.5 part (2), V cannot be type 2 either, Hence
V is type 3 and V belongs to a string {V = V),...,V;} where ¥V, = V' | and V;
is faithful. But by condition (2) and Lemma 3.4, V! = S ®p V contains V; as an
R-subfactor. Thus V/ is a faithful R-module and hence is a faithful S-module also,
contradicting our assumption.

On the other hand, assume that & is & Dedekind prime ring. Suppose we have
unfaithful simple left R-modules I = Uy,..., U, such that U, = JHI for 1 =
2,...,n, and neither I/ nor U] lie in A. Then by 3.2, 3.3 and 3.4, S ®p U is an
unfaithful simple S-module. But I/} is a subfactor of Ep(U) so by 3.4, S®g U} is
a subfactor of Eg(S®g /). Since § is Dedekind, we must have SQp U = SQg U,.
But this implies that I/ = U}, whence both conditions (1) and (2) must hold.

COROLLARY 3.9. Let R be an HNP ring. Let A be a complete deleted set of
unfaithful simple left R-modules and let § be the localization of R with respect to
A. If T 1s a Dedekind prime ring contained between R and § thenT = 8.

PrROOF. If T were strictly contained in 8, then it would be localization with
respect to some proper subset of A. Hence by Theorem 3.8 it could not be a
Dedekind prime ring.
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If R is an HNP ring with quotient ring ¢ then it is easy to see that R is the
intersection of all the Dedekind prime rings between R and ). For the localization
of R with respect to all but one simple R-module is always a Dedekind prime ring
and R is easily seen to be the intersection of these localizations. If R has finitely
many idempotent maximal ideals, then it is well known that R is a finite intersection
of Dedekind prime rings. On the other hand in [18] two examples of HNP rings
with infinitely many idempotent ideals are given, one of which is, and one of which
is not an intersection of finitely many Dedekind prime rings. The exact conditions
for this to oceur are the following.

THEOREM 3.10. Let R be an HNP ring with classical ring of quotients (.
Then R is the inlersection of finitely many Dedekind domains contained between R
and Q@ if and only if there is a bound on the lengths of the connected components of
the link graph T,

PrOOF. For any complete string {{/(,...,U,} of type 3 unfaithful simple left
R-modules, call {U1,...,U,,U,} the corresponding extended string. Let T be the
localization of R with respect to a set of simple left B-modules A, If T is a Dedekind
prime ring, then there is at most one member from each cycle or extended string
not contained in A. Hence if there exists a cycle or extended string of cardinality n,
then any intersection of less than n Dedekind pime rings containing B must strictly
contain R.

On the other hand, if all cycles and extended strings have cardinality less than
some fixed integer ¢, then it is clear from Theorem 3.8 that we can find ¢ sets of
simple left B-maodules whose intersection is empty and such that the corresponding
localization is Dedekind.

4. K;(R) for HNP rings. In this section we apply the results of §1 to the case
where R is an HNP ring and S is a ring contained between R and its quotient ring.
We identify K;( ) as the direct sum of the K,;(Endg V) where V is an S-torsion
simple module. In particular we look at the situation where 5 is a Dedekind closure
of R (as defined after Theorem 3.7). The only problem in this situation is that the
left, torsion theory associated to 9 is easier and more natural to identify than the
right torsion theory. We show that, since one torsion theory is the dual of the other,
their K;-groups are in fact the same.

LEMMA 4.1. Let R be an HNP ring and let S be a ring contained between
R and its quotient ring Q. Let A (resp. A,) be the set of S-torsion simple left
(resp. right) R-modules. Then

A, = Al = (VTI[V € A}

PROOF. It is shown in [4], that S is always the localization with respect to
the S-torsion simple modules. Furthermore it is shown that a simple R-module V
is S-torsion if and only if it occurs as a subquotient of S/R [4, Theorem 5]. Let
V € Ay, and suppose V = R/I for some left ideal f. Then by the definition of
localization with respect to a set of simple modules,

I*={geQg< R} <S.
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So V! = I*/R is a right R-submodule of $/R. Hence V! € A, and AI < A,.
The analogous result on the other side gives that Al < A; and taking duals gives
A, < A;, as required.

LEMMA 4.2. Let R be an HNP ring and let V be o simple R-module. Then
there is a natural isomorphism, Endg(V) = Endg(VT).

PROOF. Suppose V is a simple left madule and I is a left ideal such that R/T =
V. Then V! = I*/R and it is easy to check that Endp(VT) = 1(1)/I = Endgp(V).

THEOREM 4.3. Let B be an HNP ring and let My, ..., M, be idempotent maz-
imal ideals of R such that M = (M; N --- N M,)* is idempotent. Then for all
120,

Ki(R) = Ki(O:(M)) ® K.(R/(My NN My)).

PROOF. Let V4,...,V, be simple left B-modules with M,V; =0forj=1,...,¢.
Then O.(M) is the left localization of R with respect to {Vi,...,V;}. Hence
the modules of the class 7 of finitely generated right O.(M)-torsion modules
have composition series with factors in {V[,...,VJ'}. Let D; = Endg(V;) =
Endg (V). Then by [13, Corollary 5.2 and p. 104], K.(T) = &, ¢, ., Ki(DJ) =
B << Hi(Dj). Now O,(M) is finitely generated as a right R-module by (15,
Theorem 4.4, so by Corollary 2.2,

. Ki(R) = K(O,(M)) & ( @ Ki(DJ')) :

1<5<t
But, of course B/M; is a matrix ring over I);, so
P Ki(D;) = K(R/MiN--- N M,)).
<5<t

In particular this occurs when M is a minimal idempotent ideal and O, (M) is a
Dedekind prime ring right equivalent to R. We state this case in a slightly different
form.

THEOREM 4.4. FLet R be an HNP ring, let § be a Dedekind prime ring right
equivalent to R and let T be the category of finitely generated S-torsion R-modules.
Then the long exact localization sequence splits tnto short exact sequences,

0— K)(T) - Ki{(R) - K;(8)— 0.
Thus,
Ki(R) = K.(5) ® (€D K.(End(V)))

where the direct sum is over isomorphism classes of stmple modules of T. In par-
ticular,
Ko(R) = Ky(S) o Z¢

where t equals the number of idempotent mazimal ideals of B minus the number of
eycles.

PROOF. Since § is right equivalent to R, it is certainly finitely generated as a
right R-module. Since § is also flat as a left R-module the first statement follows
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from Theorem 2.1. The second statement follows from the same identifications
used in the proof of Theorem 4.3. The final statement follows from the fact that ¢
is precisely the number of isomorphism classes of simple modules in any complete
deleted set of unfaithful simple left R-modules and S must be a localization with
respect to such a set.

We denote by [g(I) the idealizer in R of the right ideal I as defined in [15].

THEOREM 4.5. Let S be an HNP ring and let I be a semimazimal right ideal
of § unth ST =1. Then

Ki(1s(I)) = K(S) & Ki(lg(I)/ ).

We now give 2 more general version of the previous theorem for localizations of
I which are direct limits of rings right equivalent to R. For this we use Theorem 2.3
so of course we lose the splitting of the exact sequence. It will however be shown
in §5 that for ¢ = 0, this sequence does in fact split. We do not know whether this
is true for ¢ > 1.

THEOREM 4.6. Let R be an HNP ring and let A be a set of unfaithful simple
left R-modules such that (1) anng V is idempotent for allV € A and (2) A contains
no cycles. Let § be the localization of B with respect to A. Then for alli > Q, there
are exact sequences,

0— P Ki(EndgV) — Ki(R) — K,(8) — 0.
vea
PROOF. Let A be the set of finite subsets of A. For each A € A, define 8, to

be the localization of R with respect to the simple modules in A. The assumption
on A implies that the intersection I of the annihilators of the elements of X is
not contained in any invertible ideal [3, Proposition 4.3]. Hence for some ¢, I is
idempotent by [3, Proposition 4.5] and hence § = O,(I*). Thus each Sy is finitely
generated as a right R-module. Tt is clear that A is & partially ordered, directed set
under inclusion and that § = lim &). Hence we may apply Theorem 2.3, yielding
an exact sequence -

04— Kg;(T) — K;_(R) - K,,(S) —0

where T is the torsion class of finitely generated S-torsion right R-modules. Since
all abjects of T have compaosition series with factors in AT, we have by [18, Corol-
lary 5.2 and p. 104] and Lemmas 4.1 and 4.2, that K;(T) = @y epr Ki(Endp V) =
Dy ea Ki(Endp V).

Again the above theorem applies particularly to the case when A is & complete
deleted set and § is a Dedekind closure of B. In particular we will be interested in
the next section with the case ¢ = 0, so we state explicitly the result in this case.

COROLLARY 4.7. Let R be an HNP ring with infinitely many idempotent maz-
imal ideals and let S be a Dedekind closure of B. Then there is a natural eract
sequence

0— 2 - Ky(R) — Ko(8) =0

where o i3 the cardinality of the set of idempotent mazimal ideals.

EXAMPLE. We now consider Ko{R) for the examples of HNP rings with in-
finitely many idempotent maximal ideals given in [18]. In each case it can fairly
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easily be seen that R has a natural Dedekind closure S which is a localization of the
polynomial ring D[X] over some division ring D. In particular Ko(S) = Z. Thus
by Gorollary 4.7, Ko{R) is a free abelian group whose rank is the cardinality of the
set of idempotent maximal ideals. For the rings H defined in §§2 and 3 of [18] this
cardinality is Rg while for the ring B; deseribed in §4, the cardinality is just the
cardinality of the given index set A. Similar calculations were done by Stafford and
Warfield in their paper [18, Corollary 4.10]. However their technique required the
special fact that these rings are direct limits of HNP subrings with finitely many
idempaotent ideals.

5. Class groups and Hy(R) for HNP rings. A classical result in the theory
of Dedekind domains states that if R is a Dedekind domain, then Kq(R) = Z&CI(R)
where the class group CI(R) is the group of isomorphism classes of ideals of R
under multiplication. For Dedekind prime rings there is a natural analogue of
this isomorphism, though the definition of class group is much less natural. For a
Dedekind prime ring R with quotient ring @ we define Cl{R) = {[I] € Ko(R)|I is
& finitely generated projective R-module such that length(f ®p @) = length{@Q)}
where the operation is now [I]- [J] = [] + [J] — [R]. Then it is easy to show
using the results of [2] that this operation makes Cl(R) into a group and that
Ko(R) = Z & CI{R) (this result appears in [14] for maximal orders over Dedekind
domains but does not seem to be explicitly stated in the literature for general
Dedekind prime rings).

For a nonmaximal hereditary order B over a Dedekind domain, the class group
is defined in [14] to be the group of stable isomorphism classes of “locally free”
right ideals of R. This definition is generalized below to the case where R is an
HNP ring and it is shown that Kq(R) = F @ CI(R) where F is a free abelian group
whose rank depends on the number of idempotent maximal ideals of R.

This decomposition is closely related to the localization exact sequence associated
to a Dedekind closure § of R. It is shown that there is a natural isomorphism
CI{R) = CI(S) (generalizing a result of Jacobinski's for hereditary orders over
Dedekind domains [14, Theorem 40.16]}. Hence for a suitable decomposition F' =
Fo® R, the map Ko(R) to Ko(S) described in Corollary 4.7 is just the projection
of Fy @& RBCI(R) onto R CI(R). In particular this shows that this exact sequence
always splits.

The crucial concept needed for this analysis is that of a generalized rank function
or state. A state is a group homomorphism s: Ko(f) — R (R denoting the real
numbers) such that s([R]) = 1 and for every finitely generated projective R-module
A, s([A]) > 0. The reader is referred to [5 and 7] for more details. We shall mostly
be concerned with the states that occur in the following fashion. If R is an HNP
ring and P is a nonzero prime ideal, then R/P is a simple artinian ring and we
may define, for any finitely generated projective (right] R-module A,

rp(A) = length(A @ p R/P)/ length{R/P).

Since rp is additive on direct sums and rp([R]) = 1, we see that rp induces a state
sp € St{R) such that sp([A] — [B]}) = rp(A) — rp(B) for any finitely generated
projective R-modules A and B. Similarly the usual normalized rank function given
by ro{A) = length(A @g Q)/ length(Q) (where @ is the quotient ring of R} induces
a state which we will denote hy 3.
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Each z € Ko(R) now defines 2 map from Spec R to Q given by p,(P) = sp(x) for
all P € Spec R. This map tuns out to be locally constant when Spec R is equipped
with the patch topalogy [7]. Hence we obtain a homomorphism p from Kqa(R) to
the group of locally constant maps from Spec R to Q given by p(z) = p;. Following
the roughly analogous situation in [1, p. 458] for commutative rings, we denote the
image of this map by Hgp(R). We then have a short exact sequence

0 — Kerp — Ky(R) — Ho(R) — 0.

We now proceed to identify Ker p with a “constant rank right ideal class group.”
DEFINITION §.1. For R an HNP ring, define

CI{R) = {{R]) — [I]|] is a right ideal of R and rp(f) =1 for all P € Spec R}.

The following result has alse been observed independently by R. B. Warfield. In
fact the result is true for any prime Noetherian ring of Krull dimension one and
exactly the same proof goes through.

LEMMA 5.2. Let R by an HNP ring and let p: Ko(R) — Ho(R) be the map
described above. Then Kerp = CI(R). In particular CI{R) is a subgroup of Ko(R).

PROOF. It is immediate from the definition of p that if z € Ko(R), then
z € Kerp if and only if sp(z) = 0 for all P € Spec R. Thus it is clear that
CI{R) < Ker p. On the other hand, let z be an arbitrary element of Kerp. Then
z = n{R] — |A] where n is a positive integer and A is a finitely generated projective
R-module with rp{A) = n for all P € Spec R. By [16, Lemma 5.2 and Corollary 5.8]
A= R""1) @ Aq and hence z = [R] — [Ag] where rp(A¢) = 1 for all P € Spec R.
But Ag is then isomorphic to a right ideal of R, so € Cl{R) as required.

We now want to compare the exact sequence 0 — CI{R) — K¢(R) — Ho(R) — 0
with the exact sequences for Ky derived in the previous section. We first need to
see how Cl{—) behaves with respect to Dedekind closure. Again we have finite and
infinite versions.

Define Ko{R)* = {[A] € Ko(R)|A is a finitely generated projective R-module}.

LEMMA 5.3. Let R be a ring and let G be a subgroup of Ka(R)*" such that for
some © € Ko(R),z — g € Ko(R)™T for all g€ G. Then s{g) =0 for all s € St(R)
and all g € G.

PROOF. Since s{z — ¢) = 0 and sz + g) = 0, it follows that [s(g)| < |s(z)| for
all g € G. Hence since it is a bounded additive subgroup of R, s{(G) must be zero.

LEMMA 5.4. Let R be an HNP ring. Then Cl(R) is the unique maximal sub-
group of Ko(R) consisting entively of elements of the form [V] where V is a cyelic
torsion R-module.

PROOF. Let z = [R]—[I] € CI{R). Since ro{J) = 1, I must be an essential right
ideal of R. Thus R/J is torsion and z = [R/I] is of the required form.

Now let. G be a subgroup of Ko(R) consisting of elements of the form {V] where
V is a c¢yelic torsion R-module. Any element y of ¢ may be expressed in the
form y = [R/J] = [R] — [J] where J is a right ideal of R. But this implies that
[R] — y € Ko(R)* for all y € G. Hence by Lemmas 5.2 and 5.3, G is contained in
Cl(R).
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LEMMA 5.5. Let R by an HNP ring and let 8 be a ring contatned between R
and its quotient ring. Then the functor — Qg8 induces a map from Cl(R) to CI(S).

PROOF. The functor — Qg (S) induces a map ¢: Ko{R) — Ko(8). Since
§ is a flat R-module the image of CI(R) under ¢ again consists of cyclic torsion
S-modules. So ¢(Cl{R)) < CI{8) by Lemma 5.4.

PROPOSITION 5.6. Let R by an HNP ring and let § be a ring contatned between
R and its quotient ring such that § is a finitely generated R-module. Then the
induced map from CI{R) to ClL(S) is an epimorphism.

PROOF. We know from Theorem 2.1 that the induced map ¢: Kq(R) — Kqy(8)
is split by the map 8: Ko(S) — Ko(R) induced from the restriction functor. An
arbitrary element of #(Cl(S)) is of the form 8] — [J] for some right ideal J of S.
Since J is a finitely generated projective R-module, this implies that [$] — y €
Ko(R)* for all y € 8(CL(S)). So §(CI(8)) < CI(R) by Lemma 5.3. Since 44 is the
identity, it is clear that ¢(CL{R)) = CI(S).

LEMMA 5.7. Let R be an HNP ring and let S be a ring contained between R and
its quaotient ring such that 8 is a finitely generated right R-module. Suppase that M’
is a mazimal ideal of § such that M' = M5 = §M for some mazimal ideal M of R.
Then for any finitely generated projective right R-module A, rpy(A) = rp (AR g 9).

PROOF. The condition that M’ = SM = MS together with the fact that S
is a localization of R, insures that R/M = S/M’. Since these rings are their own
classical quotient rings,

ron(A) = length(A @ R/M)  length(A®gr S ®s S/M')
T length(R/M) length{S/M")
THEOREM 5.8. Let R be an HNP ring, let ® be a complete deleted set of simple
left R-modules and let 5 be the localization of R with respect to ®. Then the function
— ®p 8§ induces an epimorphism from CI(R) to CI(S).

PROOF. It is clear from the definition of C1{(S) that it is enough to show that
for all finitely generated projective right S-modules I’ such that [8] - [I'] € Cl{(9),
there exists a finitely generated projective right R-module I with [R] — [I] € CI(§)
and [I ®g S] = [I']. So let I’ be a finitely generated projective right S-module
with [8] — [I'] € CI{(S). Pick a finitely generated R-submodule I of I’ such that
I'=18=1®pS. Then I is projective and rq(f) = 1 but [R]-[{] may not lie in
Cl(R). Now by (7, 4.10] the map p7): Spec R — @ is locally constant when Spec R
is given the patch topology, so in particular there is an open set IJ containing (0)
such that rp(J) = 1 for all P € /. However the open sets of Spec R containing (0)
are just complements of finite sets. Hence there are only finitely many prime ideals
P of R such that rp(f) # 1 (and these must be idempotent by (7, 5.1]). Let A
be a minimal full deleted subset of ® such that A contains all the simple modules
annihilated by these primes P. By the comments following Theorem 3.3, A must be
finite and hence, since A contains no cycles, the localization T" with respect to A is
finitely generated as a right R-module. By Proposition 3.6, if M is an idempotent
ideal of T, then M = T(M NR) = (M N R)T and M N R is a maximal ideal of
R such that (M NR)V # 0 for all V € A, Hence ris(J @p T) = runmy(I) = 1
and {T| — [I @ T] € Cl{T). By Proposition 5.6 there exists a finitely generated

=ry (A®R S).
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projective R-module J such that {R] — [J] € C{R) and [J Qg T| = [ @ T|. But
J®rS=JQRrT®r 8, whence [J Qg 3] = [I ®g 5] = [I'] as required.

Now let R be an HNP ring and S be a localization with respect to a complete
deleted set of unfaithful simple left R-modules. We wish to compare the exact
sequences '

0— Ko(T} — Ko(R) > Ko(8) — 0

and
0— ClR) — Ks(R) — Ho(R) — 0.

Recall that since 9 is a Dedekind prime ring, Kq(S) = CI(S) @ Z by [4, 2.4]. So
if I is some uniform right ideal, we can rewrite the top sequence as

0= Ko(T) @ Z{I] = Ko(R) — CI(S) — 0.

We now proceed to show that these exact sequences are just the two exact sequences
that oceur from the decomposition Ko{R) = CI{R) & Hg(R). We first need some
more detailed information ghout the states sy,

PROPOSITION 5.9. Let R be an HNP ring, let M be an idempotent mazimal
tdeal of R and let V' be a simple right R-module such that VM = 0. If U is a simple
R-module whose dual is unfaithful, then

sM([U])aéOﬁbr:V or U=V

PROOF. It is clear that ap([V]) # 0, hence it suffices to show that if U £ V,
then sp([U]) # 0 if and only if U = Vi. So suppose that I/ % V and let I be a
maximal right ideal such that R/J = U/, In this case, the following equivalences are
established fairly easily:

Exth(U, V) =0 R/IM is semisimple & IM = INM.
On the other hand,
sm([U]) =0 o {I/IM)=({R/M) « IM =1NM.
But as observed in Theorem 3.2, U =V, if and only if ExtL (U, V) £ 0.
LEMMA 5.10. CU{R)N(Ko(T)® Z[I]) =0.

PROOF. Let z € CLUR) N (Ko(T) @ Z{1]). Since so([U]) =0for all U € T and
so([1]) = 1, it is clear that the Z{I] component of z must be zero. Hence z € Kqo(T ).
Now Kg{T) is a free abelian group on the isomorphism classes of simple modules
in T. Let supp(z) be the set of simple modules which occur in the expression for
z. Since supp(z) is finite and T contains no cycles of simple modules we can find
a simple module V such that [V] € supp(z) but [V'] ¢ supp(z). Let M = ann(V").
Then s ({U/]) = @ for all I/ not isomorphic to V in supp(z) by Proposition 5.9.
Applying sas to z implies that the coefficient of V] is zero, a contradiction.
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THEOREM 5.11. Let R be an HNP ring. Then the following commutative
diagram is exnct.

0

0
\*01(3)

0 \
\ -+

\’ ™~

Hy(R)

In particular CI{R) =2 Cl(8) and the short exact sequences both split.

PROOF. The surjectivity of the top diagonal follows from Theorem 5.8. The
injectivity of the bottom diagonal follows from Lemma 5.10. Exactness then follows
immediately.

COROLLARY 5.12. Let R be an HNP ring with finitely many tdempotent ideals.
Then Ko(R) = Cl(R) & Z*! where t equals the number of idempotent mazimal
ideals minus the number of eyeles.

Finally we mention two more corollaries to Theorem 5.11. The first is a gener-
alization of a result of Jacobinski [9] for hereditary orders over Dedekind domains.

COROLLARY 5.13. Let R be an HNP ring and let T be a ring contained befween
R and a Dedekind closure of R. Then there is a natural isomorphism f: Cl(R) —
CUT) given by BiA| = [A®Rp T|.

PROOF. Let 8 be a Dedekind closure of R containing T and let a: CI{R) —
Cl{S) and ~v: CI(T) — CI(S) be the analogously defined maps. Then « and ~
are both isomorphisms by Theorem 5.11. But clearly & = ~f so 4 is also an
isomorphism.

If T7 and Ty are Dedekind prime rings right equivalent to £, then T, and T3 are
Morita equivalent, whence obviously Kqo(T1) &= Ko(T3). Our final result says that
this isomorphism holds for any pair of Dedekind closures of an HNP ring.

COROLLARY 5.14. Let R be an HNP ring and let Ty and T; be Dedekind
closures of R. Then Ko(T1) = Ko(Ta).

PROOF. Since Ty and Ty are Dedekind, Ko(T;) = CUT;)@® Z for ¢ = 1 and 2.
But CI{T}) = CI(R) = CI{(Ty) by Corollary 5.13.
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