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Abstract

The primitive ideals of the Hopf algebra C4[SL(3)] are classified. In particular it is shown that the
orbits in Prim C4[SL(3)] under the action of the representation group H = C* x C* are parameterized
naturally by W x W where W is the associated Weyl group. It is shown that there is a natural one-
to-one correspondence between primitive ideals of C4[SL(3)] and symplectic leaves of the associated
Poisson algebraic group SL(3, C).

Introduction

The primitive spectrum of a noncommutative affine algebra is the natural generalization of the variety
associated to a commutative affine algebra. When the noncommutative algebra A is a deformation of a
commutative algebra B, one expects to find a close correspondence between the primitive ideals of A and
the symplectic leaves of the associated Poisson structure on the variety Max(B). For instance if g is a
solvable complex Lie algebra, then the primitive ideals of the enveloping algebra U(g) correspond to the
coadjoint orbits in g*, which are the symplectic leaves for the Kostant-Kirillov Poisson structure on g*.

A similar close correspondence seems likely to occur for quantum groups and related algebras. Let
G be a semi-simple complex Lie group and let C,[G] be the associated quantum group as defined in [?].
There is a standard Poisson Lie group structure on G associated to C,[G]. The primitive ideals of C4[G]
are expected to correspond bijectively to the symplectic leaves of G. This correspondence may be verified
for SL(2) by direct calculation. In this paper we study the primitive ideals of C,[SL(n)] and prove that
the primitive ideals of C,[SL(3)] correspond exactly to the symplectic leaves of SL(3).

When ¢ is real, ¢ # 1, C,[G] together with a natural involution * can be viewed as a deformation of
C[K], the algebra of functions on a maximal compact subgroup K of G. In a series of articles in [?, ?, 7]
Soibelman, and Vaksman showed that the unitary representations of C,[K] correspond to the symplectic
leaves of K.

Fix a maximal torus H in G. Then G has a natural H-invariant Poisson structure [?]. A description
of the symplectic leaves of G may be deduced from the work of Semenov-Tian-Shansky and Lu and
Weinstein [?, ?]; an outline of this description is given in Appendix A. Let W be the Weyl group of G.
The symplectic leaves fall into H-orbits parameterized by W x W. Let D = G x G, identify G with the
diagonal subgroup of D and let G, be the dual group. Denote by p the natural projection G — D/G,.
The symplectic leaves of G are precisely the connected components of the inverse images of the left G,.-
orbits in D/G,. Set I' = kerp and G = p(G). Then T is a finite subgroup of H and G = G/T is an
open subset of D/G,. For each w € W x W, let C,, be the image of the corresponding Bruhat cell of
D in D/G,. Denote by C, a fixed G,-orbit in C,. Then Cy; = C! x (C*)* and C,, is the union of the
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H-translates of Cy;. Each symplectic leaf of G is then a finite cover of hCy; NG for some w € W x W and
some h € H.

In section two we prove some preliminary results about the primitive spectrum of C4[SL(n)]. The
group H occurs again in the quantum case as the character group and Prim C,[SL(n)] therefore decom-
poses into the union of the H-orbits. Following ideas of Soibelman [?, ?], we define for each w € W x W
a locally closed H-invariant subset Prim,, of Prim C,[SL(n)]. It may be shown that Prim,, is nonempty
for all w and that Prim C,[SL(n)] = ||, Prim,. We conjecture that each Prim,, is a single H-orbit
and that the elements of Prim,, are in bijection with the leaves of type w. This conjecture is proved in
sections three and four for C,[SL(3)]. The truth of the conjecture for C,[SL(2)] was proved earlier by
S.P Smith and the first author. This result is outlined in Appendix B.

In order to describe the symplectic leaves of G one passes first to G. Similarly, in order to describe the
primitive ideals of C,[G], we first study the invariant subalgebra C,[G] = Cq[G]F. The quantum analog
of C,, NG is a certain localization of a homomorphic image of C,[G] denoted by B,,. The key result
in section three is the decomposition of B,, as the tensor product By, ® C[H,| where By, is a quantum
analog of Cy, N G and C[H,,] is the algebra of functions on the torus H,, = H/Stab yCi.

Acknowledgements. The authors would like to thank S.P. Smith for many interesting conversations
concerning these questions. The first author would also like to thank H.J. Koelink for bringing his work to
his attention. Much of this work was done while the first author was visiting the Université de Bretagne
Occidentale.

1 Preliminaries

1.1 In this section we introduce the basic definitions and notation that we shall be using. We denote
by g the Lie algebra sl(n,C) and by G the Lie group SL(n,C). We follow the standard notation in
Bourbaki for the roots, weights, Weyl group etc. associated to g. Other notation is listed at the end of
the paper.

1.2 Let ¢ € C*. We shall assume throughout this paper that ¢ is not a root of unity. We denote by Q
the set {¢" | n € Z}. Let [a;;] be the Cartan matrix associated to g. Recall that the quantum universal
enveloping algebra associated to g is defined to be the algebra U, (g) generated by K| iﬂ, X ii, 1<i<n-1
with relations
K'Ki = KK ' =1, KX =¢" XK,
_ K? - K;?
(X, X7 ] =6, —5——5, KiK; = K;K;
qa” —q
l—aq,j 1
S0 [ | R =0 i
k=0

ko 2(m—j+1) _ g~ 20m—i+1)

m q
Where[k]zn .

j=1

2 _ g2
(see, for example, [?]). The algebra U,(g) is a Hopf algebra. The comultiplication A is defined by
AXH)=XFoK '+K, oX", AK)=K oK,
and the counit and antipode by
(XF) =0, eK)=1, SK)=K;' SXF)=—-¢"2X;

There is also a C-linear antiautomorphism a — a* given by (Xf)* =X, (K;)* = K;. It is easily verified
that A(a*) = A(a)* (where (a ® b)* = a* ® b*) and S(S(a)*) = a*.



1.3 Set U° = C[K' |1 <i<n—1]. Let M be a U°-module. If y is a character of U° define the x-
weight space of M by M, = {x € M | ux = x(u)z, Yu € U°}. Set Q(M) = {x | M, # 0}. Let P be the
set of weights of g and let {ay,...,.an_1} be a fixed set of positive roots. Each weight A € P induces a
character of U° via A\(K;) = g™ 1 <i<n—1. We denote by M, the associated weight space.
Define C to be the category of finite dimensional U, (g) modules such that M = @Me pM,. Since C
is closed under finite direct sums, tensor products and passage to the dual module, we may define the
restricted dual of U,(g) with respect to C. This is the associated quantum group C,[G]. Thus

C,[G] ={f€U,(g)" | Kerf 2 AunM for some M € C}

The algebra C,[G] then has a natural Hopf algebra structure induced in the usual way from that on
U,(g). There is also an anti-automorphism on C,[G] induced from that on U,(g) by ¢*(u) = £(S(uw)*)
for all £ € C,[G] and all u € Uy(g).

Let 7 : Uy(g) — End(M) = M,,,(C), n(a) = [m;;(a)], be an m-dimensional representation of Uy, (g)
where M is an object of C. The elements 7;; € U, (g)" are called the matrix elements or matrix coefficients
of the representation w. It is clear that these m;; belong to C4[G] and that the set of all such 7;; for all
possible M in C, spans C4[G] as a vector space. Recall the following useful formulas:

Amij =Y mik @ g, TigT = (miy ©@ma) 0 A, S(myg) = mijo S, e(miy) = mis(1)
k

1.4 The category C is in some sense a deformation of the category of finite dimensional modules over
the Lie algebra g [?]. Denote by P, the set of dominant weights of g. For each dominant weight A € Py
there is a simple module L(A) in C and an element vy € L(A) such that

L. L(A) = Uy(g)va = GB;LEP,MSA L(A) 3

2. L(A)a = Cup, X{"UA =0,1<i<n-—1; (vy is called the highest weight vector of L(A))

3. the set of weights Q(A) = Q(L(A)) and the multiplicities are the same as for the corresponding
simple g-module.

Any M € C decomposes as M = @, P, L(A)™*. The representation ring of C is generated by the
classes of the simple modules L(w;) corresponding to the fundamental dominant weights w;, 1 <1i < n—1.
Moreover each L(A) occurs as a subquotient of a suitable power of the standard representation L(woq).
On the other hand the dual of L(wy) is isomorphic to L(z,—1) which is isomorphic to the (n — 1)-th
quantum exterior power of L(w;). Hence if the matrix coefficients with respect to the natural basis
e1,...,e, of L(w) are denoted by X;; then the matrix coefficients corresponding to L(w,_1) are the
quantum minors defined by:

D;; = Z (=X o) Xict (-1 Xit1,0(i41) - - - Xno(n)
o€ESH_1

where S,,_1 denotes the symmetric group acting in the usual way as bijections from {1,...,4 — 1,7+
I,..o,n}to{l,...,j—1,74+1,...,n}. .
From these and related facts one deduces the following well-known description of the Hopf algebra

C,lG).

Theorem 1.4.1 (a) The algebra C4[G] is generated by the X;;, 1 <1i,j < n, with relations:
XiXje = *XjeXie, VOV <j, XeXej = ¢*XojXei, VLVi <,

XeiXmj = Xpmj X, VO <m,Vi>j,
X0iXmj — Xoni Xoi = (¢ — ¢ )X Xomi, VU< m,Vi<j,



Detq = Z (—QQ)E(U)XU(DJ .. -Xo(n),n =1.
0ESn

(b) The Hopf algebra structure is given by

A(Xij) =Y Xk ® Xg,  S(Xyy) = (=*) Dy, e(Xij) = by
k

(¢)The involution * is given by (X;;)* = (—¢*)"~*D;;.
(d) Furthermore 6;; = >, (—¢*)* I XixDji = Y (—¢*) ¥ Dpi X = 3 (=¢*) ¥ D X = 3, (—¢?)* 7 Xj Dis

The reader is referred to [?] and [?] for further details concerning this algebra.

1.5 The generators described in the above section are not well suited to the study of the primitive ideals.
A more natural set of generators is the following. This notation was first introduced by Soibelman in [?].

Recall that L(wg) 2 A" L(w1) (the k-th quantum exterior power of L(z1)) and that Q(wg) = Wy,
where W denotes the Weyl group. Recall that W may be naturally identified with the symmetric group
Sy, by letting the reflection with respect to the simple root «; correspond to the transposition (i, + 1).
Let ¢ = {i1,...,9x} be a subset of {1,...,n — 1} such that i3 < ... < ig. Define e; = e;; A... Ae;,.
Then the weight spaces of L(wy) are exactly the Ce;. For any w € W define ey, “to be the element

e; of L(wy,) where 7 is the ordered multi-index associated to {w(1),...,w(k)}. It is easily verified that
ewwy € L(Wk)ww,. Define e*—wwk € L(wyg)* to be the dual basis element coresponding to e, and
denote by (—, —) the natural pairing between a vector space and its dual.

Definition For each k = 1,...,n — 1 and each w € W we define elements ¢, € Cy[G] by: Yu € Uy(g),

c;w(u) = (e*—wwkauewk% c,;w(u) = (e*—’u)’wownfk’u’ew()wn—k>'
Thus czw (respectively ¢, ) is a matrix coefficient of L(wy) (respectively L(w,—x)). In particular

we have that CI(L@') = X1, ¢ Djn, Cl—,(l,i) = D;1, 05—1,(1'@) = X;n. The general element ciw

+ —
n—1,(i,n)
can be interpreted as a general quantum minor as defined in [?]. In the notation of that article,
+ — ew{ld} - _ cw{i+l,...n}
CGw =057 Chw = Gy
where w{l,...,k} ={w(1),...,w(k)} etc.
One of the key properties of these matrix elements is that they generate C,[G]. In fact a slightly

stronger statement is true. Let Ay be the subalgebra of C,[G] generated by the elements of the form
c;fw and let A_ be the algebra generated by the elements of the form c; .

Theorem 1.5.1 The linear map A_ @Ay — C4[G] given by a®b — ab is an epimorphism of C-vector
spaces.

Proof. This result is Theorem 3.1 of [?]. It suffices to check that the definition of Ay given there is in
fact the same as the one given above. O

1.6 On occasion we will need a notation for a coordinate function coming from an arbitrary represen-
tation in C. Our notation again follows Soibelman [?].
Let A € P;. Recall that L(A) = @, cqa) LA, L(A)" = L(—woA) and L(A)~, = [L(A),]" Each

—u

module L(A) carries a non degenerate bilinear contravariant form (— | —)a such that (av | w)a = (v |
a*w)p for all a € Uy(g) and v,w € L(A). Such a form is unique up to a scalar multiple [?]. Choose
an orthonormal basis {U,(f) | pe QA), 1 <j < dimL(A),} of L(A) with respect to (— | —)a. Let

6@ be the dual basis in L(A)*. Then each 6@ identifies with (v\" | — A and 6@ € L(A)*,. Hence
AS P : : A by A A
(6(_1))\, U,(f)) = (Ug\z) | U,(f))/\ = 0)p0i5. We define elements c/_‘)\7i7u7j of C4[G] by:

Vu € Ug(®), 2xig(w) = (00, wofd) = (01 | un)a.



For convenience we use the following abreviations:

Ay i dmLA)y =1
Ayipg =13 Ayi, if dmL(A), =1
Ay, if dimL(A)y = dimL(A), =1

The first two parts of the following lemma are taken from [?]. The third part is a consequence of the
general formula in section 1.3.

Lemma 1.6.1 (a) S(c*,,; ;) € Cc, w‘)A)\ i

oy 05

A
(b) ( —)\ NS _] T e CC)\ ,;UO—;L 7

(c) A(c—)\,i,;t,j) = ki ® c/—xu,k,;t,j

Notice that cg € Cc%k and ¢, , € Cc ok = C(ng)*-

—WWE, Wk WWE,— Wk

1.7 Let R* denote the set of positive and negative roots respectively. Denote by b* = h @ n* the
Borel subalgebras associated to R*. We denote by U, (b*) the Hopf subalgebras of U,(g) generated by
{K;, X | 1 <i<mn—1} respectively (we call them the Borel subalgebras).

As in [?] we define the following ideals of C,[G] which play a fundamental role in what follows:

I (w,A) = (2| 1<i<dimL(A),, v & Ug(bT)vyn)

I~ (w,A) = (c; %% | 1< i < dimL(—woA)_p, 08, & Ug(b™ )v_yn)

;tl—

Notice that in the definition of I~ (w, A) the U(z) ’s belong to L(—woA)_,. Notice also that the condition

UM) ¢ Uy(b™)vya can be expressed in the form c/_‘M’wA( u) =0 for all u € Uy(b™).

Deﬁne T to be the involutive automorphism 7 = % o S. For any U,(g)-module M we denote by
M7 the twisted module where the action of an element u € Uy(g) on an element v € M is given by
w-v = 7(u)v. Then it is easily verified that L(—woA) = L(A)". This isomorphism takes ’U(_zzt € L(—woA)
onto U,(f) € L(A),. Since 7(Uy(b™)) = Uy(b™) we obtain that

(’) Z Uy(bH)vyn = U(z) Z Uy(b7)v_ya.-
Therefore Lemma 1.6.1 shows that It (w, A)* = I~ (w, A).

1.8 We shall need some elementary facts about the Bruhat ordering on W. We take the reverse of the
usual Bruhat ordering introduced in [?]. Thus e < w < wyq for all w € W For each fundamental weight
w; we denote the stabiliser of ; in W by W; = Stab(cw;). Denote by W; a fixed transversal of W; in W.

Definition Fix i € {1,...,n — 1}. Let y,w € W. we say that y <; w if and only if yw; > ww;.

It is clear that <; is right W;-invariant and that the induced ordering on W/W; is a partial ordering. In
order to keep the notation consistent, we shall sometimes use the notation =; for equivalence modulo W;.
The proof of the following proposition is similar to standard arguments concerning the Bruhat ordering
(for instance [?, §7.7]).

Proposition 1.8.1 Leti€ {1,...,n—1} and let y,w € W.
1. The following are equivalent: (a)y <; w; (b) Vyw, € Us(bM)vyw,; (¢) Vww; € Ug(b™ )vyw, .
2.y < w S ywo Zp—; WWo.
. y<wey<;w foralli.



Example If we identify W as above with the symmetric group Sy, then the subgroup W, = Staby (1)
identifies with the group S,—1 = Sym{2,...,n} and we may take W; to be {e = (1,1),(1,2),...,(1,n)}.
The ordering <; is then given by

Wi <4 (1,2)W1 <31 ---<3 (1,n)W1.

Similarly W,,—; = Sym {1, ...,n—1} and we may take the transversal W,_1 to be {(n,1),(n,2),...,(n,n) =
e}. The ordering <,,_ is then given by

Who1 <n-1 (n; n— 1)Wn—1 <n—1- " <n-1 (n; 1)Wn—1-

In the case we shall be most interested in (when n = 3) these are of course the only two cases.

2 The Algebras A,, B, and C,.

2.1 In order to study C4[G] in more detail we introduce algebras A,,, B, and C,, defined for each
w € W x W. The motivation for the definitions of these algebras comes from the structure of the
symplectic leaves in G. Recall the notation of Appendix A. There are natural maps G — G — D/G.
and a symplectic leaf of G is a connected component of the inverse image of a left G,-orbit of D/G,.. The
Bruhat cells C,, of D/G, are disjoint unions of isomorphic leaves of “type w”. Just as in this geometric
case it is natural to study the symplectic leaves by type, so in the study of C,[G] it is natural to classify
primitive ideals by type. The algebras C,,, B,, and A,, correspond to the cell C,, and its inverse image
in G and G respectively.

2.2 Setting A = o; in 1.7 we obtain the ideals I*(w, w;). From Lemma 1.6.2 and Proposition 1.8.1 it
follows that
F(w, i) = (¢, |y £ w).

Henceforth, the principal objects of interest will be the ideals defined for each w = (w4, w_) € W x W
by:

1

Ly =) (IT(wy, @)+ 1 (wo,w)) = (cf, [ 1<i<n—1, y & we).

1

3
|

7

and the sets, defined also for each w = (wy,w_) € W x W by

S
Ew = {ci,w+’ci,w, li=1,..,n— 1}.

We shall also occasionally use the following notation. For y € W we define I*(y) = Z:-:ll I*(y, ;) and

Ex(y) = {cziy |i=1,...,n}. For w= (wy,w_), we define I: = I*(wy), and EF = EF(wy).
Theorem 2.2.1 Let w € W. The image of ¢, is normal in Cy[G]/I°(w,w;). In fact we have that
CﬁA,z‘,M,jCiw = 'yc;iwc/_‘)\’i%j (mod If (w, w;)) for some v € Q.

T 4
—wWwWi, ;"

The

ideal Jo(ww;, ;) defined in [?] is precisely the ideal I (w, ;) defined above. The result for c;fw then

=50,

Proof. Recall that C4[G] = C [CA |A e P_J and that c;-fw is a scalar multiple of ¢

follows from [?, Prop. 3.2]. Applying the involution * yields the result for ¢; . O

Corollary 2.2.2 For any w = (wy,w_) € W x W, the elements of £, (respectively E,) are normal in
C,[G]/ 1Ly (respectively C4|G]/I5).



Now let w = (w4, w_) € W x W. Denote by E,, the multiplicatively closed set generated by the
images of the elements of &, in C4[G]/I,. Since E,, consists of normal elements we may localize with
respect to this set. Denote the localized algebra

Aw = (Cq[G]/Iw)
It is not immediately clear that A, # 0 since it could happen that E, NI, # 0. In the next few
subsections we shall prove the following result:

Theorem 2.2.3 For allw e W x W, A, # 0.

The idea of the proof is to construct a non-zero A,-module by tensoring together certain “funda-
mental” C,[G]-modules. This technique was used by Soibelman in [?, §5]; the idea is apparently due to
Drinfeld. It is a quantum analog of the proof that p=1(C,) # 0 given in Appendix A.

Definition. A non-zero C,[G]-module is said to be of type w € W x W if (i) I,,M = 0 and (ii)
Ve € €y, M =cM (ie., M is &,-divisible).

It is a standard fact that a module of type w has a natural structure as an A,-module. Thus the
theorem will be a consequence of the existence of a nontrivial module of type w for all w € W x W.

2.3 Foreach i € {1,...,n— 1}, denote by U,(sl;(2)), the Hopf subalgebra generated by {X;", X;~, K'};
denote by Uy, (b5) the subalgebra generated by {X¢, K, jEl} Consider the following commutative diagram
of inclusions:

Ug(b7)  —  Uy(sLi(2))
N T

Uqy(b%) E Uq(g)

Since Uy (b®) is a Hopf subalgebra the subspace U, (b%)* = {f € C,[G] | f(U,(b?)) = 0} is an ideal
of C[G]. Define C,[B?] = C,[G]/U,(b%)* and define similarly C,[Bs] and C,[SL;(2)]. Then we have a
commutative diagram of surjections,

Cy[Bi]  ——  Cy[SLi(2)]

(NG P

—

Cy[B7] ¢t CyG]

~

It is easily verified that the canonical isomorphism, U,(sl;(2)) = U,(sl(2)) induces an isomorphism

C,[SL(2)] = C,[SL;(2)] such that the kernel of Cy[SL;(2)] — Cq[B;]is I, s) (and likewise Ker (C,[SL;(2)] —

Cy[B;]) = I(s,¢)). From the Theorem in Appendix B, we know that there exist C,[SL(2)] modules
M™ and M~ of type (s,e) and (e, s) respectively. Define Mii to be the modules M* considered as
C,[G] modules via the map C,[G] — C4[SL;(2)]—C4[SL(2)]. Then in particular we have that
Ann Mii 2 ker ] .

Proposition 2.3.1 The modules ]\4{|r and M, are of type (s;,e) and (e, s;) respectively.

Proof. We give the proof for Mi"’. We first need to show that I, ) C Ann Mi"’; it is enough to
show that I (s;,@) + I~ (e,) C Ann M;" for each fundamental weight . Notice that I~ (e, @) =
(7 | v_py & Uy(b ) =) = (_wow | ©* (c;"°F) = 0) C Ker ¢* C Ann M;". On the other

H - H - /1‘7

hand, It (s;, @) = (%, _ | vx & Uy(b™)vs,). Suppose that I (s;,w) ¢ Ker ¢f. Then exists a A



such that vy € Uy(b")vs,;» and vy € U,y(sl;(2))ve. Since vaw =0 and vas%w € Cuvg, we obtain
vy € Uy(s1i(2))ve = Cug + Cvg, 00 C Uy(b1)vg, 0, a contradiction.

It remains to show that ]\4{|r is &(s,,e)-divisible. Recall that elements of £, ) are of the form
¢ = cf’;wj’wj or ¢ =c "% . Wefirst compute ¢} (c;) acting on M via the identification C,[SL;(2)] =
Cy[SL(2)]. The Uy(sl;(2)) module generated by v, is either trivial (when (w;, a;) = 0) or is the fun-
damental representation with highest weight vector vy, (when (wj, ;) = 1). It follows that ¢} (c;) =
)(wjv‘)‘%)

(L spp) (%39 for which M;" is divisible by definition. A similar reasoning gives that ¢} (¢j) = (¢”, ,,

which again acts divisibly by definition on M+. O

2.4 We now show that modules of type w = (w4, w_) can be constructed by forming the tensor product
of modules of the form Mii using the reduced decomposition of w4 and w_ . The fundamental result is
the following.

Theorem 2.4.1 Let M be a Cy4[G]-module of type (wi,w_). If sijwy > wy (respectively s;w— >
w_) then M;t @ M (respectively M ® M;" ) is a C4[G]-module of type (s;w4,w_) (respectively of type
(wy, siw-)).

Proof. We prove the assertion in the case s;wy > wy.

(i) I~ (w_,w) C Ann(M;" ® M) for all fundamental representations .

We denote c;t’:ow by ¢ . A standard generator for I~ (w_, w) is then of the form ¢y o where v_y ¢
Uy(b™)v_y_w. The action of ¢y _» is given by the comultiplication A(cy —n) = Z;LEQ(—wow) Cap ®
C—u,—w Suppose that the action is nontrivial. Then there exists a u such that both factors cy , and
C—u,—w act non-trivially on ]\4{|r and M respectively. Since M is of type (wy,w_) this implies that v, €
Uy(b)v_y_ . Since Ann(Mi"’) D Ker(y* ), we must have that ¢* (cx ) # 0; thus v_y € Ug(b™)v, C
Uy(b™)v_yy_ =, a contradiction.

(ii) It (siwy, ™) € Ann(M;" ® M) for all fundamental weights .

For these calculations we abbreviate ¢f u by cx,u. Then a standard generator of 1 T(siwg, @) 1S ¢\
where vy & Uq(b+)vsqyw+w. The action on M; ® M is given by: A(c_xw) = ZMEQ(W) Cap ® Cpoo-
Suppose that there exists a p such that both c_» ;, and c_, & act non-trivially on ]\4{|r and M respectively.
Then by definition and Proposition 1.8.1, v, € Uy(b™)vy, o C Uy(b™)vg,1, . On the other hand, since
Ann(M;") D Ker(}) we must have vy € Uy(sli(2))v,,. Since s;wi > wy, X; s, = 0. Since moreover
[X,j, X =6u(q® — ¢ ) HK? - K:%), it follows easily that

Uy(sli(2))Uy (b+ Jsiwyw C Ug (b+ Wssw,w

which implies that vy € U, (b+)vs%w ,w, & contradiction.
(iii) M;" ® M is €, w_)-divisible.
Let w be a fundamental representation. We continue with the notation of part (ii). The action of
Cs;wyw,w 1S given by:
A(C—s%w+w,w) - Z C—sq,w+w,;t & c—;t,w-
He(w)

Suppose p is such that the corresponding summand is non-trivial. Then we have that (a) v, € U, (b™)vy, @
and (b) vs,w,w € Us(b; )vy. Consider the U,(sli(2))-submodule of L(w) containing v,,s. Since
siw4 > wy it has highest weight wyw and lowest weight s,wiw. If (wyw, ;) = 0, the representa-
tion is trivial; otherwise (w4, ;) = 1 and the representation is the fundamental representation. From
(b) we obtain p = s;wyw + pa; = wiw + (p — (Wi, o;))a; where p is an integer between 0 and
(wiw, ;). From (a) we deduce that p = (wyw,q;) and so g = wyw. Thus for any m’ € M;" and
mée M,

’ ’
Cosiwim,mM @M = Cogw,mwiw M O Coyyw,mM.

By hypothesis M is ¢_., ,w-divisible. On the other hand, ¢} (c—s,w, wwiw) = (c’isp7p)(w+w’“*) and M;"
is divisible with respect to this element. Hence ]\4{|r ®@ M is cZ, ,,, & -divisible. The proof for elements
of the form ¢, 27 is similar. O



Corollary 2.4.2 Let wy = s;,...8;,,, W— = 5j,...55,. be reduced expressions for wi and w_ in w. Then
+ + - -
Mf®.. M} oM; ®.0M;
is a module of type (wi,w_).
This completes the proof of Theorem 2.2.3. These results generalize slightly [?, Propositions 5.1, 5.2].

2.5 Let R(Cy[G]) denote the set of one-dimensional representations of C,[G]. Since C4[G] is a Hopf
algebra, R(C,[G]) has a natural group structure. Let X = (X;;) be the matrix of coordinate functions
as described in 1.4. Since the X;; generate C,[G], there is a natural map from R(C,[G]) to M, (C)
given by x — (x(X;;)) = x(X). It is easily verified that this is an isomorphism of R(C,[G]) onto the set
of invertible diagonal matrices. Since R(C,[G]) is naturally isomorphic to this complex torus we shall
denote it by H

For any Hopf algebra A, there is a natural action of R(A) as automorphisms of A given by r,(a) =
> amyx(ag)) for all x € R(A) and a € A. In the case A = C,[G] the action of H on C,[G] is therefore
algebraic and given by r, (X) = Xx(X).

Denote by I' the subgroup of H corresponding to matrices with entries equal to +1. Denote by ~; for
i=1,...,n—1, the element with —1 in the (¢,¢) and (i 4+ 1,7+ 1) position and 1’s elsewhere. Obviously T
is generated by the 7;. Using the description of ¢} ,, as a quantum minor given in 1.5 it is easily verified

that the action of ; on the elements cj , is given by
s if j#1
e ={%2 i 17
Gow :

Definition. We denote by B = C,[G] = C,[G]" the algebra of elements of C,[G] invariant under
the action of I'.

Definition. Let w = (wy,w_) € W x W. Recall that A, = (A/IL,)g,. Since v(I,) C I, and
v(Eyw) C E,, for all ¥ € T, there is a natural induced action of I on A,,. We define B,, = AL .

Notice that B, = (B/ (Iw N B))(e,nB)- In order to simplify the notation we continue to denote by

, the image of ¢ in Ay,

It is fairly easy to see that A, has a natural structure as a crossed product of the dual group I over
B,,. Denote by I' the dual group of I' and denote by 4; the element of I' such that Fi(v) = (—1)6”
Deﬁne amap ¢ : [ — A, by iy -+ i) = Z7w+...c;7w+ ifi7, < --- < 4;. Then A, is a crossed

product of I over B, via ¢ in the sense of [?, 1.5.8].

2.6 Fixw=(wq,w_) e W xW.

Definition.  Let y € W. In A,, set 2f, = ¢ ,(cf,,.)" " and t; = ¢, (.t

GW

Clearly these elements belong to B,,. We define C,, to be the subalgebra of B,, generated by the set
{z,le==% i=1..,n-1, yeWhu{tF|i=1,..,n-1}.
Clearly z{, =0 for y >; we and 27, = 1. Thus

C’wzC[tfl,zy|E—iy<sz,Z—1 Ln—1].

We now show that B,, is the localization of C,, with respect to an appropriate normal element. Recall [?,

§2] that the relation Det, = 1 may be written, for each i =1,...,n—1,as 1 = ZyeW c»zz7yc;"ycz , Where



oy € Q and Wi is a transversal of W; in W. Using Theorem 2.2.1 and the description of the Cf,w as
quantum minors given in 1.5, we obtain that C,, contains the elements

1, — 1 _
d; = (cz—'t_’w+) (ci,w,) = Z ﬁi7yzz'—t_yzi,y
yeEW;

where 3; , € Q. Define d to be dids...d,,—1.
Theorem 2.6.1 The element d is a normal element of Cy, and By, = Cy[d™1].

Proof. 1t follows easily from Theorem 2.2.1 that dA, = A,d. Since each z{, is an eigenvector for
conjugation by d, it is clear that dC,d~! = C,. Thus d is a normal element of C,,. It follows from
Theorem 1.5.1 that A, is spanned by elements of the form vd’ where v is a word in the ¢f, and ¢ is a
non-negative integer. Such words are clearly eigenvectors for the action of I'. Hence B,, is spanned by
the words with eigenvalue 1; that is, words for which the number of occurrences in v of elements of the
form ¢, for a fixed i is even, say 2m;. For such words it follows from the normality of the elements
¢ . (Theorem 2.2.1) that if ¢ > m; for all 4, then vd® € C,,. Hence for all b € B,,, there exists a positive

1, We

integer m such that bd™ € C,,. O

2.7 We shall also be interested in the subalgebras of elements invariant under the action of the whole
group H. There is a natural induced algebraic action of H on A, and B, Let A € C* and let h =
Aei; + A7teiq1 1. Then it follows from the description of the 5, as quantum minors that

Y

£1 .+ e

h(ci): A e, i j=i
Jy i, if j#i.

It is thus clear that the elements zfy are H-invariant.

Theorem 2.7.1 (i) Cl =C[zf, |e==+,1<i<n-—1,yeW].

(ir) Al = B = CH1d=").

(i4i) The monomials t7*...t."~ for (r1,...,7n_1) € Z"~ ! form a basis for Cy, as a left or right CH-
module and a basis for B,, as a left or right BH -module.

Proof. Denote by S the subalgebra of C,, generated by the z7 . Clearly S C CH. On the other hand, since
C\ is generated over S by the t; which are invertible elements normalising S (¢;S = St;), it follows that
the given monomials span C,, as a left or right S-module. It is also clear that if h = Ae;; + A7 tei41,i41,
then h(t;) = A=%t; and h(t;) = t; for j # 1. Thus each distinct monomial corresponds to a different
character of H. Hence the monomials must be linearly independent over C. Thus Cy, = @,czn-1 St°
where ' = t{*..t;" ' if v = (r1,...,7—1). This proves (i) and the first part of (iii). The remaining
assertions then follow easily. O

2.8 We are now in a position to formulate more precisely the conjectures made in the introduction
concerning Prim C,[G]. Although we only consider here the case when G = SL(n), similar conjectures
may be made in the general case. The reader is referred to Appendix A for a description of the symplectic
leaves of G.Denote by A the algebra C,[G].

Definition For each w € W x W, define Spec, A = {P € SpecA | P 2 I, and PN E,, = §} and
Specy, B ={P € SpecB | P 2 I, N B, and PN E,, = #}. Elements of Spec,, A and Spec,, B are said to
be of type w. Set Prim, A = Spec,, A N Prim A and Prim,,B = Spec,, B N Prim B.

The action of H on A described above induces an action of H on Prim A for which the locally closed
subsets Prim,, A are invariant for all w € W x W. Since the action of H is algebraic, Staby P is a closed
subgroup of H and H/Staby P is a torus for all P € Prim A.
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Conjecture 1: Prim A = | |,y Prim,, A and Prim,, A is a non-empty H-orbit for all w € W xW.
If P, is a primitive ideal of type w, then H/Staby Py is a torus of rank rk G — s(w). Hence there is a
bijection 8 : Prim A — Symp G such that §(Prim,A) = Symp,,G.

Conjecture 2: One may define a bijection § : Prim A — Symp G as in Conjecture 1 such that g is
order reversing and GKdim A/P = dim §(P) for all P € Prim A.

Both conjectures are known to be true in the case G = SL(2, C) (see Appendix B). Conjecture 1 is
proved in section 4 in the case when G = SL(3, C).

3 The Adjoint Action

3.1 Henceforth we restrict our attention to the case G = SL(3). We shall denote the algebra C,[SL(3)]
by A. In order to study the ideals of A we look at the ideals of C\, and B,, invariant under the adjoint
action. At the same time we study in detail the structure of the algebra CI, showing that it is an
iterated Ore extension in the sense of [?]. We shall therefore be interested in bases consisting of standard
monomials as defined below.

Definition Let Y = {y1,¥2,...,y:} be an indexed set of elements. The standard monomials in ) are
defined to be the elements y* = yi* ...y;* where r = (r1,...,7¢) € N

3.2 We shall show that for each w, there exists a certain set of 27, such that for a suitably chosen

ordering, the standard monomials in these z’s form a basis for CH. Clearly we should exclude from
such a set all the 27, for which y #; w.. The Plucker relations imply that certain other relations are
redundant.

Definition Fix w € W x W. Define

Z={z, le=ty<iwe,i=1,2} —{25 4, | €= *}.
Define I to be the corresponding index set; that is,

I={(c,y,%) | e =%,y <; we,i = 1,2} — {(&, 2, wewop) }.
Theorem 3.2.1 CI = C[Z]

Proof. From Theorem 2.7.1 and the remarks at the beginning of 2.6, it suffices to show that if w.wy < we,
then 25, ,,, € C[Z]. The Plucker relations given in Theorem 1.4.1 (d) imply that in A,

+ o+
g QyCy €3 4y, = 0, for some ay € Q.
yeW1, y<iwy

Multiplying by (cfw+)_1( 4 ... )1 and using the fact that ziw+ =1, we obtain:

2,'w+

+ _ }: + o+
23 wpwo = Vy21 423 g for some vy, € Q.
yer,y<1w+

+

2, w4 wo

Now for y <1 w4, is either 0 or an element of Z. Hence z € C[Z], as required. A similar

+
2, ywo
argument works for 23 w_wo-

Remark It is important to notice that if wy <o wiwp, then the above relation collapses to 0 = 0.
Nontrivial relations for 23, only occur when w, or w_ belongs to {(1,3),(1,3,2),(1,2,3)}.
YW Wo
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3.3 The ordered indexing on the set Z will be induced from the following ordering on the set S =
{(e,4,y) |le=+,i=1,2and y € W;}.

Definition Define a total ordering on the set S by:

7 < i or
(e,i',y) < (g,4,y) iff i =diand ¥y >; y; or
/=dandy =;yand & =+,6 = —.

Since W; is totally ordered by <;, it easy to see that this defines a total ordering on S.
The required commutation relations on the 2{  follow from the following commutation relations in

Cy[SL(3)]-

Proposition 3.3.1 Suppose that (¢',4',y') < (¢,i,y). Then there exists an o € C* such that

’ ’
5 e _ e £ o
Cir 4/ Ciy = O] Cor s + g Bjajaj;
J

where B € C,a; € {cf,, | (¢,1,u) < (¢,4,y)} and a; € {cf,:u | (¢/,7,u) < (g,4,y)}

Proof. The result may be deduced from the commutation relations given in [?, 2.1,2.2,2.13-2.16] using
the equations in Section 1.5. Alternatively, one may use the more general formula [?, §3.8] which follows
from the form of the universal R-matrix for U,(sl(3, C)). O

8.4 We define R(e,i,y) = C[z], | (n,4,u) < (¢,%,)].

’

Proposition 3.4.1 The algebra R(e, i, y) is spanned by the standard monomials in {z ,, € Z | (¢',7',y') <

(¢,4,9)} In particular, the algebra CH is spanned by the standard monomials in the elements of Z.

Proof. 1t follows from the proof of Theorem 3.2.1 that 25, , € R(e,2,w.wp). On the other hand
Proposition 3.3.1 implies that R(e,4,y)[z{,] is spanned as a left R(e,i,y) module by the powers of zf .
The result then follows by induction. O

3.5 In order to show that the standard monomials from Proposition 3.4.1 form a basis for CI| we
consider the adjoint action of C,[SL(3)]. Let us recall the basic definitions and properties for the adjoint
action of a Hopf algebra on a bimodule.

Let (R, A,€,S) be a complex Hopf algebra and let M be an R-bimodule. The adjoint action of R on
M is defined by: (ad h)x = h1)yzS(h(2)) forall h € R and x € M where we are using the Sweedler notation
together with the obvious summation convention. We set M = {z € M | (ad h)x = e(h)z, Vh € R}. Tt
is easily seen that M = {x € M | hx = zh, VYh € R}.

The map ad: R — EndcM is a homomorphism of algebras and in this way M becomes a left R-
module via ad. Suppose now that M also has the structure of a C-algebra compatible with its bimodule
structure; i.e.

Vr,y € M, Yh € R, h(zy) = (hz)y and (xy)h = z(yh)

Then under the adjoint action, M has the structure of a R-module algebra in the sense that (ad h)(xy) =
(ad hyy) () (ad hz)) (y)-

3.6 These generalities apply to the Hopf algebra C,[SL(3)] and any bimodule M. Recall that C,[SL(3)] =
ClXi; | 1 < i4,j < 3] where the X;; are the coordinate functions for the standard 3-dimensional
representation of U, (sl(3,C)). Since A(Xj;) = >, Xir ® Xyj, the adjoint action of Xj; is given by
(ad Xi5)m = >, XixmS(Xy;) for all m € M. Denote ad X;; by ad;j, and define the adjoint matrix of m
to be [adm] = [ad;; m]1<i,j<n- Denote by X the matrix of coordinate functions (X;;) € M, (A) and by
S(X) the matrix (S(X;;)). It follows easily from the coalgebra structure of A that S(X) = X~1.

12



Proposition 3.6.1 Let ¢ : Cy4[SL(3)] — B be a C-algebra map. Then for any b € B, [adb] =
d(X)bp(S(X)). The map [ad—] : B — My(B) is an algebra map. In particular, [adbc] = [adb][adc] for all b,c €
B.

Proof. The formula for [ad b] is clear. For simplicity, drop the ¢ and consider M, (A) as acting on M, (B)
via ¢. Then [adbc] = XbeS(X) = XbIeS(X) = XbS(X)XcS(X) = [adb][ad¢]. O

3.7 In this section we study the adjoint action of A on the subalgebra generated by the elements t{d, 1f2jEl
defined in section 2.6. To simplify the notation a little, set

a=w_(1), b=wy(1), c=wy(3), d=w_(3).

In this notation, t; = Dale_ll, to = XdSDc_zl and tity = ¢>(%ec=%.a)¢ot, . Recall that by Theorem 2.7.1,
the elements ¢7¢5" for n,m € Z form a basis for the subalgebra C[t{', t£']. Denote by F;(a) the diagonal
scalar matrix with the scalar « in the (i, ¢)—th position and 1’s elsewhere on the diagonal.

Lemma 3.7.1 With the above notation we have that
[adt1] = Fb(qQ)Fa(q_Q)tl and [adts] = Fc(q_Q)Fd(qQ)tg

Proof. 1t is easily verifed that Xy X = Fj(¢?)XFi(¢~?)Xp1 (mod I,,) and similarly that D,15(X) =
Fi1(¢®*)S(X)F,(q7%)D,s1 (mod I,,). Combining these two identities gives the formula for [ad#;]. The
proof of the second equality is similar. O

Proposition 3.7.2 The algebra C[tlﬂ, tQﬂ]“d is a subalgebra of the centre of Ay, equal to:
(i) Clti ", t5'] if wy = w_;
(i) C[tF'] if wy = w_(W;) and wy # w_;
(iti) C if wy # w_(W;) for i =1 and 2 but w_ # wywo;
(iv) Cl(ti1ty )] if w_ = wywo.

Proof. Tt is clear that C[tT!,t£1]%? has as a basis the set of all monomials t75* which are ad A-invariant.

Now
[ad t75"] = Fy(¢°") Fe(q™ ™) Fo(q™ ") Fa(q*™ )t} 15"

The result then follows easily. O

Notice that the dimension of C[t{!, t3']%? is therefore 2 — s(w), where s(w) is the length of a shortest
expression for w,w_! as a product of reflections.

3.8 The adjoint action of A on CX is a little more complicated. As usual let w = (wy,w_) € W x W.
As before, set a = w_(1), b =wy(1), c =wy(3), d=w_(3) and set p = ¢*> — ¢~ 2.
Lemma 3.8.1 Let y be an arbitrary element of W and set r = y(1) and s = y(3). The adjoint action on
Z; 18 given by
b
[adziy] = Fr(q_Q)Fb(qQ)zIy - Z pzi(u)ei,«
i=r+1

a
ladzy,) = Fr(a *)Fa(@®)zr, + @070 0 (1) oz g e
i=r+1

s—1

ladz,] = Fola ) Fo(®)z5, — 7D Y (1) 'paf s 0w
i=c
s—1

[adziy] = Fd(q_Q)Fs(qQ)Ziy + szi(iﬁ)eis
i=d
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Proof. Recall that zf = 11X {1—11. One verifies first that for r < j <a

a
Xle :leFj(q_Q)XFl(qQ) — Z pX“eij XFl(q2) (mod I’w)
i=j+1
Hence X Xa_ll = Xa_llFa(qQ)X Fi(q=?). Putting these two formulas together yields the desired result. A
similar calculation proves the other three formulas. O

3.9 Thus for each 27, the matrix [ad zfy] is of the form D + N where D is diagonal and N is a strictly
upper or lower triangular matrix with all its non-zero entries in a single row or column. Furthermore
the nonzero entry in N that is furthest from the diagonal is a scalar. Since this entry is of particular
importance we define ¢ to be the function that associates to 27, this position. That is, for a fixed w we

define
o(z,) = (wi(1),9(1), ¢(z4,) = ¥(3), wi(3))
P(z1,) = (y(1),w-(1)), ¢(z,) = (w-(3),y(3))
+ +

This map is not injective on the set of all 27, since for instance when w = (13), ¢(25.) = (3,1) = ¢(27.)-

However when ¢ is restricted to Z we do have injectivity.

)
)

Lemma 3.9.1 The map ¢ restricted to Z is injective.

Proof. Clearly qb(zjy) C {(k,0) | k> 1} and é(z;,) C {(k,1) | k < I} so we may consider the two
cases separately. Suppose that (zb(zi|r g = (zb(zé|r ,) Where y <; wy and y' <o wi. This means that
(wy(1),y(1)) = (¥ (3), w+(3)). Hence y = wiwo(Wr) and 3y = wiwo(Wa). Since z;w+w0 ¢ Z, the result
follows. The other case is similar. O

Proposition 3.9.2 Lety € W and suppose that ¢(2;,) = (k,1). Set [ad2f ]| = [a;;]. Then [ad(zf,)"] =
l[ad 2 " = [aij(n)] where

(i) aii(n) = aj; € C*(z7,)"

(i) a;; = 0 implies a;j(n) = 0.

(m) akl(n) = ady; (Ziy)n e C*(ziy)n—l.

Proof. Write [a;;] = D + N where D is diagonal and N is strictly upper or lower triangular. Then
because of the particular form of N, we have that ND'N = 0 for any i. Hence [a;j(n)] = (D + N)" =
D" + ZZ:OI DsND"=5~1. The first two assertions are then clear, as is the fact that

n—1

akl(n) _ Z (q2)i(n_28_1)ak;[(Z,iy)n_l.
s=0

Since ¢ is not a root of unity, the coefficient on the right hand side is non-zero. O

The lemma states that if (k,1) = ¢(z§7y), then ady; behaves rather like a partial differential operator
with respect to 2{ . However, on an arbitrary standard monomial it is important to apply these operators
in the correct order. This necessitates defining a new ordering on the standard monomials.

Let I={(c,9,%) | e = £,y <; we,i=1,2} — {(&£,2, wewp)} be the index set corresponding to the set
Z and let K = ¢(I) (where ¢ is the obvious induced map on I). For each w let < be a total ordering on
the set {(4,74) | 4,7 =1,2,3, i # j} satisfying

(1,4) = (1,4") = (2,3) = (3,7) = (3,5") = (2,1)

and ¢ and 4’ are chosen so that if (1,4) and (1,¢’) are both in ¢(I) then the ordering < reverses the
ordering induced by ¢. We denote by < the induced ordering on the subset K. The ordering induced
by < on I via ¢~! will also be denoted by <. The ordering < on I extends naturally to a lexicographic
ordering on NT which will again be denoted by <.
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Theorem 3.9.3 Let m € N! and let ¢(m) be its image in N¥. Let M™ be a standard monomial in
the z7, with respect to the order defined in 3.3 and let X®(™) pe the standard monomial in the X;; with

respect to the ordering on K defined above. Then
(i) ad X M™ ¢ C*; (i) ad X*(™) M™ =0 for all n < m.

Proof. Define Supp(m) = {n € I | m,, # 0}. For (i,j) € K, define f;; to be the element of NT such that
(fij)e = 0¢,p-1(i,5)- It suffices to prove that for any monomial M™ and any (i, j) = Max(¢(Supp(m)),

cM™=fisif (i, j) = Max(¢(Supp(m));

(ad X;j)M™ = {0 if (i, §) = Max(¢(Supp(m));

for some ¢ € C*. Suppose that M™ = Z["' ... Z™ where Z; € Z. Then ad;;M™ is the (i, j)-entry
of ad (Z{")...ad (Z;""). The form of these matrices was computed in Proposition 3.9.1. A lengthy but
routine calculation shows in all cases that if k is such that (i, ) = ¢(Zx) = Max(¢(Supp(m)), then

(adXij)Mm = ad“-ZI”l .. .adiiZ,T_’“l’ladijZ?’“adijﬁfl .. .adijtm‘,

and that if (¢,7) = Max(¢(Supp(m)), then (ad X;;)M™ = 0. Hence the result above follows from
Proposition 3.9.1. O

3.10 We now come to the most important results of the section. For each character v € R(A) let us
denote by C}, the v-isotypic part of C\,, under the adjoint action. Denote by Soc C,, the socle of C,
under this action.

Theorem 3.10.1 1. The algebras C,, and C’g are iterated Ore extensions. Hence C,, C’g and By, are
all domains.
2. Soc Cw = @, cr(a) C = C[tE!, t£). Hence Co% = C[t1, 5% is as described in section 3.7.2.
3. If v € R(A) is such that C¥, # 0, then there exists an invertible element u,, such that C¥ = u, C%.

Proof. Theorem 3.9.3 implies that the standard monomials in the elements of Z form a basis for CZ.
The fact that C{ is an iterated Ore extension is an induction based on [?, 1.3] using Proposition 3.4.1.
Theorem 2.7.1 implies that C,, is an Ore extension of C2. Thus C,, and C are both domains. Since
B, is a localization of Cy, (Theorem 2.6.1), it too is a domain.

Now let f € C,. We may write f in the form f =" _  anM™ where M™ is the monomial described

in 3.9, a, € C[tF', 5] for all n and am, # 0. By Theorem 3.9.3, there exists an a € A such that a is a
product of elements of the form X;; and such that

0 ifn<m
(ada)Mn—{ 1 ifn=m

Now an =37, cp(a) On,x, Where any € C[t5!, t5!],. Moreover,
(ad a)an,Mn = (ad a1))an,y(ad a2))Mn = x(a(1))onad a@yMy = anyad (ry(a))Mn.

But ry(a) = Aa for some non-zero scalar A,. Thus

(ada)f =Y Mamy € Clt, t51\{0}.

X

Since C[ti!, 15! is a semi-simple ad-A module, this proves the second assertion. The third statement
then follows easily from 3.7. O

Remark We can identify C2? with C[H,,], the algebra of functions on the torus H,, = H/Stab gC, (see
Theorem A.3.1).
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4 Primitive Spectrum of C,[G]

4.1 We begin with a result showing that the study of Spec A and Spec B may be reduced to the study
of Spec A,, and Spec B,,, w € W x W respectively.

Proposition 4.1.1 Let P € Spec A (resp. Spec B). Then there exists a unique w € W x W such that
P>, (resp. P> I,NB)and PN E, =0.

Proof. Let P € Spec A. Define the elements w$) € Wi, i = 1,2 to be the smallest elements of W; such
that c;fy € Pforally > wz). We want to show that there exists a wy € W x W such that wy = wfﬁ)(Wi)

for ¢ = 1,2. It is easily verified that this will occur if and only if wil)wo #+ wf)(Wg). Suppose that
wil)wo = wf)(Wg). Recall the Plucker relation

2yy(1)—1
Z (=¢*)" ctyc;ywo =0
y€W1

Now for y >1 wil), cfy € P by definition. On the other hand, if y <3 wil), then ywy >2 wil)wo =

U}f)(Wg) by Proposition 1.8. Hence c;yw[) € P. The remaining term, which is a scalar multiple of

et (1)c+ (2, must therefore lie in P also. However neither et () hor et = lie in P by hypothesis.
l,w+ 2,w+ l,w+ 2,w+

Moreover cjw(l) is normal modulo P by Lemma 2.1. This contradicts the fact that P is prime.

A similar ;rgument produces an analogous element w_. Thus there exists an element w = (wy,w_)
such that ci[y € P for all y > w4 and ci[u& ¢ P for i = 1,2. In other words, P D I, and PN E,, = (. It
is clear that such an element must be unique.

Now let P € SpecB. By [?, 10.2.10], there exists a Q € SpecA such that P is minimal over @ N B.
By the first part of the proof there exists a w such that Q D I, and Q N E,, = (. Hence it is clear that
P D I, N B. Suppose that ¢ € PN E,,.From the minimality of P over @ N B and the fact that ¢ is normal

modulo I, it follows easily that ¢ € @, a contradiction. O
Corollary 4.1.2 Identify Spec A with {P € Spec A | P O IL,, PNE, = 0}. Then Spec A = | |, cpww Spec Ay
where | | denotes the disjoint union. Similarly Spec B = | |, cy «y Spec Bu.

The analogous result concerning the primitive spectrum is also true. However, this is a subtler question
and the proof requires the characterization of the primitive ideals as the locally closed elements of SpecA.

4.2 We now return to the study of B,, and C\,. Define the algebra Cy by:

cH if wy =w_;
oL ey = w (W) and wy £ 0 (W)):
Y)Y CHIEE  ¢EY, ifwy #w_ (W) fori =1, 2 but w_ # wywo;
C,LI[)I [t{tl], ifw_ = W4 wWg-

and define By, to be Cyy[d~1]. Then it is clear from 2.7.1 and 3.7.2 that C,, = C,,®C%? and B,, = B,®C%".
Moreover both Cy, and B, are integral domains by 3.10.1. We now show that B, is simple. It will then
follow that all prime ideals of B,, are induced from C%.

Lemma 4.2.1 Let I be an ideal of By, (respectively Cy,). Then I is an adA-submodule if and only if
I=(INCYB, (respectively I = (I N C)C,,).

Proof. Since B,, is a localization of C,, and C,, is ad-invariant, it is enough to prove the result for C,,.
Let I be an ideal of C,, and suppose that I strictly contains (I NC2%)C,,. Choose f € I\(INC2)C,, and
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write f (as in the proof of 3.10.1) as f = > .., anM™ where an € Soc C,, for all n and o # 0. Assume
that m is minimal for such elements. The argument used in the proof of 3.10.1 implies that I contains
>~y Ax@m,x for some nonzero scalars A, . Since I is ad A-invariant it therefore contains each Ay aum . But
A @mx € (Cu)y = u, C& for some unit u,. Thus Ayam, € (INCE)C,, and 80 amMm € (INCL)C,,
contradicting the minimality of m. O

Theorem 4.2.2 B, = B; ® C’ff)d where By, is a simple algebra. The center of By, is C’ff)d and all ideals
of By are generated by their intersection with the center. Thus Spec By, = SpecC% and Prim B, =

Prim Cff}d. All primitive ideals of By, are maximal and all prime ideals are completely prime. If P €
Prim By, then GKdim By, /P = l(w) + s(w).

Proof. Let P, be the ideal of B,, generated by elements of the form ¢t —1 where t € {t}t5* | n,m € Z}NC4.
Then clearly By, = B,,/P.. Hence P, is a completely prime ideal of B,,. From the lemma we have that
P, is a maximal ad A-invariant ideal of B,,. Since A,, is a finite normalizing extension of B,,, it follows
from ‘Lying over’ and ‘Going up’ [?, 10.2], that P, is in fact a maximal ideal of B,,. Hence B,; is simple.
Because B, satisfies the nullstellensatz [?, 9.1], it follows that By, is central simple and the assertion
concerning the spectrum is a consequence of [?, 4.5.1]. By the nullstellensatz again, the primitive ideals
are generated by the maximal ideals of C29. Since the quotient of B, by such an ideal will always be
isomorphic to By, all the primitive ideals are completely prime. Since every prime ideal is an intersection
of primitives it follows easily that all the prime ideals are completely prime. The assertion concerning
the Gelfand-Kirillov dimension follows from the description of B, as a localization of an Ore extension
and a slight generalization of [?, 8.2.10]. O

4.3 We may now use Corollary 4.1.2 to deduce some global results about the primitive spectrum of
B. We shall say that a Noetherian C-algebra R satisfies the Dixmier-Moeglin condition if the following
conditions are equivalent for a prime ideal P: (a) P is primitive; (b) P is rational (the center of the
ring of fractions of R/P is C); (c¢) P is locally closed in Spec R. Recall that the action of H by right
translation on B induces a natural action of H on Prim B.

Theorem 4.3.1 In the notation of section 2.8, we have that

PrimB= || Prim.B.
weWxW
Moreover Prim,B is a nonempty H-orbit for each w € W x W. If Qq is a primitive ideal of type w,

then H/StabyQuw is a torus of rank 2 — s(w). All primitive ideals of B are completely prime. B satisfies
the Dixmier-Moeglin condition.

Proof. Let P be a primitive ideal of B of type w. Then by the nullstellensatz [?, 9.1] and [?, 4.1.6] PB,,
is maximal. On the other hand if P is a prime ideal of B of type w and PB,, is maximal, then any
prime ideal strictly containing P intersects the set &,, of regular elements nontrivially. Hence the set P is
locally closed in Spec B and again by the nullstellensatz [?, 9.1.8], P must be primitive. The fact that all
prime ideals of B are completely prime follows immediately from 4.1.2 and 4.2.2 by standard facts about
localization. O

Remark Notice that these results imply that for any primitive ideal P of B there exists an Ore set F,,
and a normal element d such that (B/P)g, = Cyld~1] and Cy; is an iterated Ore extension. This should
be compared with the structure of primitive factors of the enveloping algebra of a solvable Lie algebra
[?, §14.8].

4.4 We now deduce the main theorem. Recall that A = C,[G].
Theorem 4.4.1 In the notation of section 2.8, we have that
PrimA = |_| Prim, A.

weW xW
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Moreover Prim.,A is a nonempty H-orbit for each w € W x W. The map P — PA, is an isomorphism
between Prim A and Prim A,,. If Py is a primitive ideal of type w, then H/Staby Py, is a torus of rank
rk G — s(w). GKdim A/Py =1l(w) + s(w). A satisfies the Dizmier-Moeglin condition.

Proof. Let P, be a primitive ideal of A of type w. It follows from sections 4.2 and 4.3 that PyA, is
a primitive ideal of A, and that Py N B is a primitive ideal of B of type w. Furthermore the prime
ideals of A lying over a given primitive ideal of B form a I'-orbit and are all primitive. The fact that the
Dixmier-Moeglin condition passes from B to A follows from [?]. O

4.5 As noted in the proof of Theorem 4.4.1, it follows from the description of the primitive ideals of B,,
that if P € Prim A,,, then P N B,, is a primitive ideal of B,, and that the primitive ideals lying over a
fixed primitive ideal of B,, form a nontrivial I*-orbit. Using a detailed analysis of the structure of A,, as
a crossed product of ' over By, one can calculate the exact number of primitives of A,, sitting over a
given primitive of B,,.

Proposition 4.5.1 Let P € PrimA,. Then PN By, is a mazximal ideal of B,. Conversely for all
maximal ideals Q of By, the number of primitive ideals P of A, such that PN By, = Q is:

4 ifw = (ee);
2 ifwy =w_ =eW;) and wy or w_ # e(W)
1 otherwise.

All primitive ideals of A, are mazimal and completely prime.

In particular this last result implies that all prime ideals of C4[G] are completely prime. Goodearl
and Letzter [?] have recently proved that all prime ideals of C,[SL(n)] are completely prime.

Remark The authors have recently generalized the results of this section, proving Conjecture 1 of 2.8
for C4[SL(n)].

LIST OF NOTATION

1.2 9, U(g) 3.2 Z1

1.3 C,[G] 33 S

1.4 X’L'j 3.4 R(E,i,y)
15 <, 35 R

16 2y, 3.6 [adm]
1.7 U,(b*), I*(w,A) 3.7 Fy(a)
1.9 W, Wi, <i, = 39 ¢

2.2 Iy, Ew, Ew, Ay 3.10 C H,
2.5 H, T, B, B, 42  Cy, By
2.6 Z,i s ti, Cw, di, d

07

2.8  Prim,, Symp,,

A Symplectic Leaves in a Semi-simple Poisson Lie Group

A.1 Let G be a connected complex semisimple Lie group with Lie algebra g. Let h be a Cartan
subalgebra of g, let R be the associated root system and R a choice of positive roots. Denote by
k(—, —) the Killing form on g. Let n* = ©,cp+g, and let b = h@ n*. Let d = g x g. The Iwasawa
decomposition of d (as defined in [?, 1.13.14]) is then d = g & a @ u™ where g is identified with the
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diagonal subalgebra of d, a = {(z, —z) | z € h} and ut = {(x,y) | z € n™, y € n=}. Define the bilinear
form (—, —) on d by:

((1,), (2, 10)) = 5 (s, 22) — s, 12)

Denote a®u™ by g,. Then (g, g, d) is a Manin triple in the sense of [?]. There is then a Poisson Lie group
structure on G associated to this triple [?]. The corresponding Poisson tensor is the tensor 7 defined by
m(9) =lg«R—7rg«R where R=1% _ E,ANE_, € gAgand lg and ry- are the differentials of left and
right translation respectively. The associated local double Lie group is then (G, G, D) where D = G x G}
G is identified with the diagonal subgroup {(z,z) | z € G}; G, = AUT where A = {(z,27!) | z € H} and
Ut ={(x,y) € N*, y € N~} and H, N* and BT are the closed connected subgroups of G associated
to h, n* and b* respectively.

Consider the map p: G — D/G,. Define " to be GN G, = kerp. It is easily seen that I' = {(h, h) €
H | h? = 1}. Hence T is a finite subgroup of D isomorphic to Zix¢. Define G to be G/I' =< GG,./G,.
Since GG, is open in D, it follows that G is an open subset of D/G,.. Since 7 is H-invariant (and therefore
[-invariant), it induces a Poisson tensor on G.

Recall that a symplectic leaf of a Poisson variety is defined to be a maximal connected symplectic
subvariety. We denote by Symp G the set of symplectic leaves of G. There is a natural partial order on
Symp G given by inclusions of closures.

Theorem A.1.1 1) The symplectic leaves of G are of the form G N G,xG,/G, for some x € G.
2) The symplectic leaves of G are the connected components of the inverse images of the symplectic
leaves of G.

Proof. Since p : G — G is étale, we have that for all z € G, T,G =2 Tp(x)é & Tp@)D/G,. We recall
some results from [?]. The left action of G, on D/G, induces a map o from the Lie algebra g, to the
Lie algebra of vector fields on D/G,.. For «a € g, we denote by o, («) the corresponding element of T, G.
The bilinear form (—, —) identifies g, with g*. Therefore, each « € g, induces a right invariant 1-form
a, on G. Define the right dressing vector field on G by {(p, (), &) = mz (e (), &) for all € € TXG. By [?,
3.13], pz(a) = —ox(«) for all @ € g, and x € G. Hence

tk 7, = dimo,(g,) = dim G,2G, /G, Vo € G.

It is easily seen that G,2G, /G, N G is a Poisson subvariety of G; hence it is a symplectic subvariety by
the above equality. The theorem then follows easily. O

A.2 Denote by Q = TUT = HG, the positive Borel subgroup of D. Recall the Bruhat decomposition
D = UweWXWQwQ = UweWXWQwG,«. For each w € W x W we fix a representative w of w in
the normaliser of 7" and we set: Cy = G,wG,/G,, C» = QWG, /G, = Upcy hCy. Hence D/G, =
Uwewsxw Cw- Set By = Cy NG, By = Cu NG, Ay = ~1(B,). Fix a connected component A, of
p~1(By). Notice that QwG, NG # 0 for all w € W x W. This can be proved as follows by induction on
I(w) (the length of w). Assume that s is a simple reflection; so s = (s4,€) or (e, s,) for some o € R™T.
If s = (84, €) we have that QsQ NG = (B*s,B",B7) NG # () since BT s, Bt N B~ # (); similarly for
s = (e, 84). In the general case, set w = sw’ where s is a simple reflection and I(w) = I(w’) + 1. Then by
induction QWQNG D (QsQNG)(Qw'QNG) # B. Therefore B, = Cy NG # 0 and since Cyy = Upe gy hCus,
we have that hCy; NG # 0 for all h € H. These observations together with the theorem of section one
give the following description of the symplectic leaves.

Theorem A.2.1 1) Each symplectic leaf of G is of the form hBy, for some h € H and w € W x W.
2) Each symplectic leaf of G is of the form hAy for some h € H and some w € W x W.

Let w = (wy,w_) € W x W. Define A = w(A)NA = {a€ A|awG, = wG,}. Set A, = A/A,,.
Then A, is a torus of rank s(w) = dim A — dim A/, = codimy, ker(wyw"* — I). When G = SL(n, C) we
have that s(w) = min{m | wyw=' = ry...r,, where r; is a transposition for all i }.
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Define U = w(U*) N U™ and recall that we have an isomorphism of varieties Ut = U, x U}, and
that U, = C'*). Thus we have that C;, = AUTWG,./G, = AU, wG,/G,. Using a standard argument
one verifies that the multiplication A,, x U, — Cy is an isomorphism. Thus we have proved the following

proposition.

Proposition A.2.2 C,; = A, x U, where Ay, is a torus of rank s(w) and U, = CH®) | Hence dimCy, =
l(w) + s(w).

A3 Let we W xW. Set H,, ={h € H | hG,wG, = G,wG,}. Then H/ is a closed subgroup of H
and H,, = H/H), is a torus of rank rk G — s(w). We have that C,, = HC, and the same argument as in
the previous subsection shows that the multiplication map H,, x C;, — C,, is an isomorphism.

The group G, acts by left translation on C,, and therefore on the product H,, x Cy. It is easily seen
that the algebra of G,-invariant functions on C,, is C[H,]. This proves the first part of the theorem
below. The second part is a consequence of the description given above.

Theorem A.3.1 1) The G-orbits in C,, are the fibres of the natural projection Cyy — G\\Cuw = H,.
2) The symplectic leaves of type w in G are the fibres of the induced projection By, — Hy.

We now summarize the results about the set Symp G of symplectic leaves in G. Denote by Symp,,G
the set of symplectic leaves of type w € W x W.

Theorem A.3.2 1) Symp G = |, ey xw Symp,,G.

2) For each w € W x W, Symp,, G is a nonempty H-orbit. If Ay, is a fixed symplectic leaf of type w,
then H/Stab g Ay is a torus of rank rkG — s(w).

3) The dimension of a leaf of type w is l(w) + s(w).

B The case G = SL(2,C)

B.1 In this appendix we outline the classification of primitive ideals of C4[SL(2)] and of symplectic leaves
of SL(2,C). The proofs of the two theorems below are straightforward calculations. In the notation of
the section 1.4, C,[SL(2)] is generated by the elements a = X11, b = X12, ¢ = X1, and d = X9 subject
to the relations ab = ¢*ba, ac = ¢*ca bd = ¢*db, bc = cb, ad — da = (¢*> — ¢~ 2)be, and ad — ¢*be = 1. The
Weyl group in this case is just W = {e, s} where s* = e. The ideals I, for w € W x W are given by
1(676) = (b, C), 1(876) = (b), 1(678) = (C) and 1(878) = (0)

Theorem B.1.1 The following is a complete list by type of the primitive ideals of Cq[SL(2)]:
Peeyr=(b,c,a— XN d— A1), e C*
Plse) = I(s,e) = (b)

Ple,s) = I(e,5) = (¢)
P(s7s)7)\= (b—)\C), AeC*

€,

(
(s)
(
(

LIRS

[
V2]

)

— — —

5,

V2]

All prime ideals of C4[SL(2)] are completely prime.

Remark Let M+ and M~ be modules with annihilators Py and P ) Tespectively. Then M + and
M_ are modules of type (s,e) and (e, s) respectively. The existence of such modules is used in section
2.3.

B.2 We now describe explicitly the symplectic leaves of SL(2, C). We continue to denote the coordinate
functions of the standard representation of SL(2,C) by a, b, ¢ and d as above. The standard Poisson
bracket is then given by: {a,b} = —ab, {a,c} = —ac, {b,d} = —bd, {b,c} = 0 and {a,d} = —2bc.
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Theorem B.2.1 The following is a complete list by type of the symplectic leaves of SL(2, C).

(e,e): g\ )\(_)1 , Ae C*
(e, s) E)Y cﬁl | o, B € C*}
(s,9) ,O; )\(;7]|7€C*,a5—)\72:1}, AeCr.

Combining these two theorems yields a positive answer to all the conjectures given in section four.

Corollary B.2.2 There is an order preseving bijection 3 : PrimCy[SL(2)] — Symp SL(2,C). Further-
more, if L = 3(P), then dim L = GKdim C4[SL(2)]/P.
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