
Generalized Jordanian R-Matrices
of Cremmer^Gervais Type

ROBIN ENDELMAN and TIMOTHY J. HODGES*
University of Cincinnati, Cincinnati, OH 45221-0025, U.S.A.
e-mail: endelman@math.uc.edu timothy.hodges@uc.edu

(Received: 28 March 2000; revised version: 9 June 2000)

Abstract. An explicit quantization is given of certain skew-symmetric solutions of the classical
Yang^Baxter equation, yielding a family of R-matrices which generalize to higher dimensions
the Jordanian R-matrices. Three different approaches to their construction are given: as twists
of degenerations of the Shibukawa^Ueno,Yang^Baxter operators on meromorphic functions;
as boundary solutions of the quantumYang^Baxter equation; via a vertex-IRF transformation
from solutions to the dynamical Yang^Baxter equation.
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Introduction

Let F be an algebraically closed ¢eld of characteristic zero. The skew-symmetric
solutions of the classical Yang^Baxter equation for a simple Lie algebra are classi¢ed
by the quasi-Frobenius subalgebras; that is, pairs of the form �f;o� where f is a
subalgebra ando: f ^ f! F is a nondegenerate 2-cocycle on f. By a result of Drinfeld
[6], the associated Lie bialgebras admit quantizations. This is done by twisting the
enveloping algebra U�g���h�� by an appropriate Hopf algebra 2-cocycle. However,
neither construction lends itself easily to direct calculation and few explicit examples
exist to illustrate this theory. The most well-known is the Jordanian quantum group
[4,16] associated to the classical r-matrix E ^H inside sl�2� 
 sl�2�. In [12],
Gerstenhaber and Giaquinto constructed explicitly the r-matrix rp associated to cer-
tain maximal parabolic subalgebras p of sl�n�. In particular for the parabolic
subalgebra p generated by b� and F1; . . .Fnÿ2, their construction yields

rp � n
X
i<j

Xjÿ1
k�i

Ek;i ^ Ei�jÿkÿ1; j �
X
i; j

� j ÿ 1�Ejÿ1; j ^ Ei;i

In [13], they raise the problem of quantizing this r-matrix, in the sense of constructing

*The second author was supported in part by NSA grant MDA904-99-1-0026 and by the
Charles P. Taft Foundation

Letters in Mathematical Physics 52: 225^237, 2000. 225
# 2000 Kluwer Academic Publishers. Printed in the Netherlands.



an invertible R 2Mn�F� 
Mn�F� 
 F��h�� satisfying the Yang^Baxter equation and
of the form I � hr�O�h2�. When n � 2, the solution is the well-known Jordanian
R-matrix. Gerstenhaber and Giaquinto construct a quantization of rp in the
n � 3 case and verify the necessary relations by direct calculation. We give below
the quantization of rp in the general case. Moreover, we are able to give three sep-
arate constructions which emphasize the fundamental position occupied by this
R-matrix.

In the ¢rst section we construct R (somewhat indirectly) as an extreme degener-
ation of the Belavin R-matrix. We do this by following the construction by
Shibukawa and Ueno of solutions of the Yang^Baxter equation for linear operators
on meromorphic functions. In [17], they showed that from any solution of Riemann's
three-term equation, they could construct such a solution of the Yang^Baxter
equation. These solutions occur in three types: elliptic, trigonometric and rational.
Felder and Pasquier [11] showed that in the elliptic case, these operators, after
twisting and restricting to suitable ¢nite dimensional subspaces, yield Belavin's
R-matrices. In the trigonometric case, the same procedure yields the af¢nization
of the Cremmer^Gervais quantum groups; sending the spectral parameter to in¢nity
then yields the Cremmer^Gervais R-matrices themselves. Repeating this procedure
in the rational case yields the desired quantization of rp, which we shall denote Rp.

In the second section we show that these R-matrices occur as boundary solutions
of the modi¢ed quantum Yang^Baxter equation, in the sense of Gerstenhaber
and Giaquinto [13]. It was observed in [12] that if M is the set of solutions of
the modi¢ed classical Yang^Baxter equation, then M is a locally closed subset
of P�g ^ g� and �MÿM consists of solutions to the classical Yang^Baxter equation.
The element rp was found to lie on the boundary of the orbit under the adjoint action
of SL�n� of the modi¢ed Cremmer^Gervais r-matrix. In [13], Gerstenhaber and
Giaquinto began an investigation into the analogous notion of boundary solutions
of the quantum Yang^Baxter equation. They conjectured that the boundary sol-
utions to the classical Yang^Baxter equation described above should admit
quantizations which would be on the boundary of the solutions of their modi¢ed
quantum Yang^Baxter equation. They con¢rmed this conjecture for the
Cremmer^Gervais r-matrix in the sl�3� case using some explicit calculations. We
prove the conjecture for the general Cremmer^Gervais r-matrix by verifying that
the matrices Rp do indeed lie on the boundary of the set of solutions to the modi¢ed
quantum Yang^Baxter equation.

In the third section we show that these matrices may also be constructed via a
`Vertex-IRF' transformation from certain solutions of the dynamical Yang^Baxter
equation given in [7]. This construction is analogous to the original construction
of the Cremmer^Gervais R-matrices given in [3].
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The position of Rp with relation to other fundamental solutions of the YBE and
DYBE can be summarized heuristically by the diagram below.

On the left-hand side, RB is Belavin's elliptic R-matrix; RCG the Cremmer^Gervais
R-matrix; R̂CG is the af¢nization ofRCG which is also the trigonometric degeneration
of the Belavin R-matrix; RB;r is a rational degeneration of the Belavin R-matrix. The
vertical arrows denote degeneration of the coef¢cient functions (from elliptic to
trigonometric and from trigonometric to linear); the horizontal arrows denote
the limit as the spectral parameter tends to in¢nity. On the right-hand side, RF

is Felder's elliptic dynamical R-matrix; R̂GN and RF ;r are trigonometric and rational
degenerations;RGN is the Gervais^Neveu dynamicalR-matrix andRGN;r is a rational
degeneration of the Gervais^Neveu matrix given in [7]. The passage between the two
diagrams is performed by Vertex-IRF transformations. The relationships involved
in the top two lines of this diagram are well known [1, 3, 10]. This paper is concerned
with elucidating the position of Rp in this picture.

1. Construction of Rp

1.1. THE YBE FOR OPERATORS ON FUNCTION FIELDS

Recall that if A is an integral domain and s is an automorphism of A, then s extends
naturally to the ¢eld of rational functions A�x� by acting on the coef¢cients. Denote
by F�z1; z2� the ¢eld of rational functions in the variables z1 and z2. Then for
any s 2 AutF�z1; z2�, and any i; j 2 f1; 2; 3g, we may de¢ne sij 2 AutF�z1; z2; z3�
by realizing F�z1; z2; z3� as F�zi; zj��zk�. Set G � AutF�z1; z2�. Elements
R �P ai�z1; z2�si of the group algebra F�z1; z2��G� act as linear operators on
F�z1; z2� and we may de¢ne in this way Rij as linear operators on F�z1; z2; z3�. Thus
we may look for solutions of the Yang^Baxter equation R12R13R23 � R23R13R12

amongst such operators. Denote by P the operator P � f �z1; z2� � f �z2; z1�.

THEOREM 1.1. The operator

R � ÿ k
z1 ÿ z2

P � 1� k
z1 ÿ z2

� �
I � I � k

z1 ÿ z2
�I ÿ P�

satis¢es the Yang^Baxter equation for any k 2 F.
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Proof. Consider an operator of the general form

R � a�z1 ÿ z2�P � b�z1 ÿ z2�I :
Then it is easily seen that R satis¢es the Yang^Baxter equation if and only if

a�x�a� y� � a�xÿ y�a� y� � a�x�a� yÿ x�
and

a�x�a�y�2 � b�y�b�ÿy�a�x� y� � a�x�2a� y� � b�x�b�ÿx�a�x� y�:
These equations are satis¢ed when a�x� � ÿk=x and b�x� � 1ÿ a�x�. Moreover these
are essentially the only such solutions [5]. &

In fact, (at least when F is the ¢eld of complex numbers) this operator is the limit as
the spectral parameter tends to in¢nity of certain solutions of the Yang^Baxter
equation with spectral parameter on meromorphic functions constructed by
Shibukawa and Ueno. Recall that in [17], they showed that operators of the form

R�l� � G�z1 ÿ z2; l�P ÿ G�z1 ÿ z2; k�I
satis¢ed the Yang^Baxter equation

R12�l1�R13�l1 � l2�R23�l2� � R23�l2�R13�l1 � l2�R12�l1�
for any k 2 F if G was of the form

G�z; l� � y0�0�y�l� z�
y�l�y�z�

and y satis¢ed the equation

y�x� y�y�xÿ y�y�z� w�y�zÿ w� � y�x� z�y�xÿ z�y�w� y�y�wÿ y��

�y�x� w�y�xÿ w�y�y� z�y�yÿ z� � 0

The principal solution of this equation is y�z� � y1�z�, the usual theta function (as
de¢ned in, say, [18]), along with the degenerations of the theta functions, sin�z�
and z, as one or both of the periods tend to in¢nity. Felder and Pasquier [11] showed
that in the case where y is a true theta function, these operators, when twisted and
restricted to suitable subspaces, yield the Belavin R-matrices. When y is
trigonometric, the operator yields in a similar way the af¢nizations of the
Cremmer^Gervais R-matrices [5]. Letting the spectral parameter tend to in¢nity
in a suitable way yields a constant solution of the YBE on the function ¢eld which
again yields the usual Cremmer^Gervais R-matrices on restriction to
¢nite-dimensional subspaces. In the rational case, the same twisting and restriction
procedure yields the desired quantization of rp.

When y�z� � z we have G�z; l� � 1=l� 1=z. Sending l to in¢nity (and adjusting by
a factor of ÿk), we obtain the solution of the Yang^Baxter equation given in the
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theorem above.WriteR � I � krwhere r � �I ÿ P�=�z1 ÿ z2�. Then r is a particularly
interesting operator. It satis¢es the classical Yang^Baxter equation, both forms of
the quantum Yang^Baxter equation and has square zero. Its quantization is then
just the exponential exp kr � I � kr � R.

LetVn be the space of polynomials in z1 of degree less than n. Then wemay identify
the space Vn 
 Vn with the subspace of F�z1; z2� consisting of polynomials of degree
less than n in both z1 and z2. Since R � zi1zj2 � zi1z

j
2 � k�zi1zj2 ÿ zi2z

j
1�=�z1 ÿ z2�, R

restricts to an operator on Vn 
 Vn. With respect to the natural basis, R has the form

R�ei 
 ej� � ei 
 ej ÿ k
X
k

Z�i; j; k�ek 
 ei�jÿkÿ1;

where

Z�i; j; k� �
1 if i W k < j,
ÿ1 if j W k < i,
0 otherwise .

8<:
We now apply a simple twist. De¢ne the operator ~Fp by ~Fp � f �z1; z2� �

f �z1 � p; z2 ÿ p�.

LEMMA 1.2. Let F � ~Fp. Then F and the above R satisfy:

(1) F21 � Fÿ112 ;

(2) F12F13F23 � F23F13F12;

(3) R12F23F13 � F13F23R12;

(4) R23F12F13 � F13F12R23.

Hence, RF � Fÿ121 RF12 also satis¢es the Yang^Baxter equation.
Proof. The four relations are routine veri¢cations. The fact that RF then satis¢es

the Yang^Baxter equation is a well-known fact about R-matrices extended to this
slightly more general situation. &

Notice that Fÿ121 PF12 � P and Fÿ121 F12 � F 2 � ~F2p. Taking p � h=2 yields

RF � ~Fh � k
z1 ÿ z2 � h

� ~Fh ÿ P�:

Notice that

RF � zi1z j
2 � �z1 � h�i�z2 ÿ h� j � k

�z1 � h�i�z2 ÿ h� j ÿ zi2z
j
1

z1 ÿ z2 � h

and again RF restricts to an operator on Vn 
 Vn.
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DEFINITION 1.3. Let n be a positive integer. De¢ne

Rp � ~Fh ÿ hn
z1 ÿ z2 � h

� ~Fh ÿ P�

restricted to Vn 
 Vn.

Putting all the above together yields the main result.

THEOREM 1.4.For any h 2 F and positive integer n, Rp satis¢es the Yang^Baxter
equation.

1.2. EXPLICIT FORM OF Rp

We now ¢nd an explicit formula for the matrix coef¢cients of Rp with respect to the
natural basis.

De¢ne the coef¢cients of Rp by Rp � zi1z j
2 �

P
a;b R

ab
ij z

a
1z

b
2.

PROPOSITION 1.5. The coef¢cients of Rp are given by

Rab
ij � �ÿ1� jÿb

i
a

� �
j
b

� �
� n

X
k

�ÿ1�kÿa i
k

� �
j � kÿ aÿ 1

b

� �
Z� j; k; a�

" #
hi�jÿaÿb:

Proof. Recall that

Rp � zi1z j
2 � �z1 � h�i�z2 ÿ h� j ÿ hn

�z1 � h�i�z2 ÿ h� j ÿ zi2z
j
1

z1 ÿ z2 � h

For the second term we note that

z j
1z

i
2 ÿ �z1 � h�i�z2 ÿ h� j

z1 ÿ z2 � h

�
X
k;b;a

�ÿ1� j�kÿaÿb i
k

� �
j � kÿ aÿ 1

b

� �
Z� j; k; a�hi�jÿaÿbÿ1za1zb2

Combining this with the binomial expansion of the ¢rst term yields the assertion.&

The explicit form of this matrix in the case when n � 3 can be found in [13, Page
136].

1.3. THE SEMICLASSICAL LIMIT

The operator Rp is a polynomial function of the parameter h of the form
I � rh�O�h2�. By working over a suitably extended ¢eld, we may assume that h
is a formal parameter. Hence, r satis¢es the classical Yang^Baxter equation. We
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now verify that r is the boundary solution rp associated to the classical
Cremmer^Gervais r-matrix found by Gerstenhaber and Giaquinto in [12].

Recall that their solution of the CYBE on the boundary of the component con-
taining the modi¢ed Cremmer^Gervais r-matrix was (up to a scalar)

bCG � n
X
i<j

Xjÿi
k�1

Ei;jÿk�1 ^ Ej;i�k �
X
i;j

�nÿ j�Ei;i ^ Ej;j�1:

(Here as usual we are taking the Eij to be the basis of EndV de¢ned by Eijek � djkei
for a ¢xed basis fe1; . . . ; eng of V ; we shall use the convention x ^ y �
x
 yÿ y
 x). To pass from the bCG to our matrix rp, one applies the automorphism
f�Eij� � ÿEn�1ÿj;n�1ÿi. Thus our matrix is again a boundary solution but for a
Cremmer^Gervais r-matrix associated to a different choice of parabolic subalgebras.

THEOREM 1.6. The operator Rp is of the form I � rph�O�h2�, where

rp � zi1zj2 � n
X

Z�i; j; k�zk1zi�jÿkÿ12 � iziÿ11 zj2 ÿ jzi1z
jÿ1
2 :

In particular the matrix representation of rp with respect to the usual basis is

n
X
i<j

Xjÿ1
k�i

Ek;i ^ Ei�jÿkÿ1;j �
X
i;j

�j ÿ 1�Ejÿ1;j ^ Ei;i:

Proof. From Proposition 1.5, the coef¢cients rabij are nonzero only when
b � i � j ÿ aÿ 1 and in this case,

ra;i�jÿaÿ1ij � 1
h
Ra;i�jÿaÿ1

ij � �ÿ1�aÿi�1 i

a

� �
j

aÿ i � 1

� �
� nZ�i; j; a�

� ida;iÿ1 ÿ jda;i � nZ�i; j; a�:

Hence

rp � zi1zj2 � n
X

Z�i; j; k�zk1zi�jÿkÿ12 � iziÿ11 z j
2 ÿ jzi1z

jÿ1
2 :

Thus interpreting rp as an operator on V 
 V we get

rp � ei 
 ej � n
X

Z�i; j; k�ek 
 ei�jÿkÿ1 � �i ÿ 1�eiÿ1 
 ej ÿ �j ÿ 1�ei 
 ejÿ1:

In matrix form,

rp � n
X
i<j

Xjÿ1
k�i

Ek;i ^ Ei�jÿkÿ1;j �
X
i;j

� j ÿ 1�Ejÿ1;j ^ Ei;i: &
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2. Boundary Solutions of the Yang^Baxter Equation

2.1. THE MODIFIED YANG^BAXTER EQUATION

In [13], Gerstenhaber and Giaquinto introduced the modi¢ed (quantum)
Yang^Baxter equation (MQYBE). An operator R 2 EndV 
 V is said to satisfy
the MQYBE if

R12R13R23 ÿ R23R13R12 � l�P123R12 ÿ P213R23�
for some nonzero l in F. Here by Pijk we mean the permutation operator
Pijk�v1 
 v2 
 v3� � vs�1� 
 vs�2� 
 vs�3� where s is the permutation �ijk�.

Denote by R the set of solutions of the YBE in EndV 
 V and by R0 the set of
solutions of the MQYBE. Then R0 is a quasi-projective subvariety of P�Mn2�F��
and �R0 ÿ R0 is contained in R [13]. The elements of �R0 ÿ R0 are naturally called
boundary solutions of the YBE. Little is currently known about this set though
we conjecture that it contains some interesting R-matrices closely related to the
quantizations of Belavin^Drinfeld r-matrices [9]. Let R be a solution of the YBE
for which PR satis¢es the Hecke equation �PRÿ q��PR� qÿ1� � 0. Set
l � �1ÿ q2�2=�1� q2�2. Then Q � �2R� �qÿ1 ÿ q�P�=�q� qÿ1� is a unitary solution
of the MQYBE. Roughly speaking what we expect to ¢nd is the following. If R
is a quantization (in the algebraic sense) of a Belavin^Drinfeld r-matrix on sl�n�,
then on the boundary of the component of R0 containing Q, we should ¢nd the
quantization of the skew-symmetric r-matrix associated (in the sense of Stolin) with
the parabolic subalgebra of sl�n� associated to r. We prove this conjecture here
for the most well-known example, the Cremmer^Gervais R-matrices.

If R 2 End�V 
 V �
̂F��h�� satis¢es the QYBE and is of the form I � hr�O�h2�,
then r satis¢es the classical Yang^Baxter equation and R is said to be a quantization
of r. The situation for the MQYBE is slightly more complicated and applies only to
the sl�n� case. Recall that the modi¢ed classical Yang^Baxter equation (MCYBE)
for an element r 2 sl�n� 
 sl�n� is the equation

�r12; r13� � �r12; r23� � �r13; r23� � mO;

where O is the unique invariant element of ^3sl�n� (which in the standard represen-
tation is the operator P123 ÿ P213). If R is of the form I � hr�O�h2� and is a solution
of the MQYBE then l is of the form nh2 �O�h3� for some scalar n. If n 6� 0, then r
satis¢es the MCYBE. In this case we say that R is a quantization of r.

There is an analogous notion of boundary solution for the classical Yang^Baxter
equation. In [12], Gerstenhaber and Giaquinto showed that the matrix bCG lies
on the boundary of the component of the set of solutions to the MCYBE containing
the modi¢ed Cremmer^Gervais classical r-matrix. They conjectured that its
quantization should lie on the boundary of the component ofR0 containing the modi-
¢ed Cremmer^Gervais R-matrix and proved this in the case n � 3 in [13]. We prove
now this conjecture in general by showing that Rp lies on the boundary of this
component of R0.
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2.2. THE CREMMER^GERVAIS SOLUTION OF THE MQYBE

Consider the linear operator on F�z1; z2�

R � q̂pz2
pz2 ÿ z1

P � qÿ q̂pz2
pz2 ÿ z1

� �
Fp

where q̂ � qÿ qÿ1 and Fp � f �z1; z2� � f �pÿ1z1; pz2�. When restricted to Vn 
 Vn, the
above operator becomes the usual 2-parameter Cremmer^Gervais R-matrix [5,14].
When pn � q2, this is the original Cremmer^Gervais R-matrix which induces a
quantization of SL�n� [3].

If R is any solution of the YBE for which PR satis¢es the Hecke equation
�PRÿ q��PR� qÿ1� � 0 then Q � �2R� �qÿ1 ÿ q�P�=�q� qÿ1� is a unitary solution
of the MQYBE for l � �1ÿ q2�2=�1� q2�2. Hence, the operator Qp;q �
�2Rÿ q̂P�=�q� qÿ1� satis¢es the MQYBE. Explicitly,

Qp;q � Fp ÿ q̂�z2 � pÿ1z1�
�q� qÿ1��z2 ÿ pÿ1z1� �Fp ÿ P�:

We call the corresponding matrices induced from these operators, the modi¢ed
Cremmer^Gervais R-matrices.

2.3. DEFORMATION TO THE BOUNDARY

Henceforth, take q2 � pn. Then the operator Qp;q becomes

Qp � Fp ÿ �p
n ÿ 1��z2 � pÿ1z1�
�pn � 1��z2 ÿ pÿ1z1� �Fp ÿ P�:

This is the modi¢ed version of the one-parameter Cremmer^Gervais operator
described above. AgainQp may be restricted to the subspaceVn 
 Vn where its action
is given by

Qp � zi1z j
2 � p jÿizi1z

j
2 ÿ
� pn ÿ 1�
� pn � 1�

X
�Z�i; j; k� � Z�i; j; kÿ 1��p jÿkzk1z

i�jÿk
2 :

Fix h 2 F and p 2 F�, de¢ne ~Fp;h by ~Fp;h � f �z1; z2� � f � pÿ1z1 � pÿ1h; pz2 ÿ h�.
Further, de¢ne

Bp;h;n � ~Fp;h ÿ � pn ÿ 1�� pz2 � z1�
� pn � 1�� pz2 ÿ z1 ÿ h� �

~Fp;h ÿ P��

� h� pn ÿ 1�� p� 1�
� pn � 1�� pÿ 1�� pz2 ÿ z1 ÿ h� �

~Fp;h ÿ P�:

Note that

B1;h;n � hn
�z2 ÿ z1 ÿ h� �

~Fh ÿ P� � ~Fh
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since ~Fh � ~F1;h. This is the operator RF described above (with k � ÿhn) that restricts
to Rp on ¢nite-dimensional subspaces.

PROPOSITION 2.1. For all h and p 6� 1, Bp;h;n is a solution of the MQYBE similar to
Qp.

Proof. De¢ne a shift operator ft:F�z1; z2� ! F�z1; z2� by ft � f �z1; z2� �
f �z1 ÿ t; z2 ÿ t� and let ft act as usual on operators by conjugation. Then, if
Fp;t � ft � Fp,

ft �Qp � Fp;t ÿ � p
n ÿ 1�� pz2 � z1 ÿ t� p� 1��
� pn � 1�� pz2 ÿ z1 ÿ t� pÿ 1�� �Fp;t ÿ P�:

Choose t � h=�pÿ 1�. Then ft �Qp � Bp;h;n. This shows that Bp;h;n is similar to Qp

and, hence, satis¢es the MQYBE when p 6� 1. &

Now the restriction of Bp;h;n to Vn 
 Vn is a rational function of p which belongs to
R0 and which for p � 1 is Rp. Thus Rp must be a ``boundary solution'' of the
Yang^Baxter equation.

3. Vertex-IRF Transformations and Solutions of the Dynamical YBE

The original construction of the Cremmer^Gervais R-matrices was by a generalised
kind of change of basis (a `vertex-IRF transformation') from the Gervais^Neveu
solution of the constant dynamical Yang^Baxter equation. Given the above con-
struction of Rp as a rational degeneration of the Cremmer^Gervais matrices, it
is natural to expect that Rp should be connected in the same way with some kind
of rational degeneration of the Gervais^Neveu matrices. In fact this is precisely what
happens. The appropriate solutions to the constant dynamical Yang^Baxter
equation (DYBE) were found by Etingof and Varchenko in [7]. In classifying certain
kinds of solutions to the constant DYBE, they found that all such solutions were
equivalent to either a generalized form of the Gervais^Neveu matrix or to a rational
version of this matrix. It turns out that Rp is connected via a vertex-IRF
transformation with the simplest of this family of rational solutions to the constant
DYBE.

Recall the framework for the dynamical Yang^Baxter equation given in [15]. Let
H be a commutative cocommutative Hopf algebra. Let B be an H-module algebra
with structure map s:H 
 B! B. Denote by C the category of right H-comodules.
De¢ne a new category Cs whose objects are rightH-comodules but whose morphisms
are homCs�V ;W � � homH �V ;W 
 B� where B is given a trivial comodule structure.
Composition of morphisms is given by the natural embedding of homH �V ;W 
 B�
inside homH �V 
 B;W 
 B�.

A tensor product ~
: Cs � Cs ! Cs is de¢ned on this category in the following way.
For objects V andW , V ~
W is the usual tensor product of H comodules V 
W . In
order to de¢ne the tensor product of two morphisms, de¢ne ¢rst for anyH-comodule
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W , a linear twist map t:B 
W !W 
 B by

t�b
 w� � w�0� 
 s�w�1� 
 b�;

where w 7!P
w�0� 
 w�1� is the structure map of the comoduleW . Then for any pair

of morphisms f :V ! V 0 and g : W !W 0, de¢ne

f ~
g � �1
mB��1
 t
 1��f 
 g�:
Etingof and Varchenko showed in [7, 8] that the bifunctor ~
 makes Cs into a tensor
category. Let V 2 Cs For any R 2 EndCs�V ~
V � we de¢ne elements of
EndCs�V ~
V ~
V �, R12 � R ~
1 and R23 � 1 ~
R. Then R is said to satisfy the
s-dynamical braid equation (s-DBE) if R12R23R12 � R23R12R23. If R is a solution
of the s-DBE then RP satis¢es the s-dynamical Yang^Baxter equation:

R12R12
23R

123
12 � R23R23

12R
132
23 ;

where, for instance, R132
12 � P132R12P123.

A vertex-IRF transformation of a solution of the s-DBE can then be de¢ned [15,
Section 3.3] as an invertible linear operator A : V ! V 
 B (that is, invertible in
the sense of the composition of such operators de¢ned above) such that the conjugate
operator RA � Aÿ12 Aÿ11 RA1A2 is a `scalar' operator in the sense that
RA�V 
 V � � V 
 V 
 F. In this case RA satis¢es the traditional braid equation [15,
Proposition 3.3]. Thus a vertex-IRF transformation transforms a solution of the
s-DYBE to a solution of the usual YBE.

Let T be the usual maximal torus of SL�n�. LetV be the standard representation of
SL�n� considered as a comodule overH � F�T � which we may consider as the group
algebra of the weight lattice P; i.e., H � F�Kl j l 2 P�. Then V has a basis feig
of weight vectors with weights ni. Denote the structure map by
r : V ! V 
 F�T �. Then r�ei� � ei 
 Kni .

Let S�h�� be the symmetric algebra on h� and set B � Frac�S�h���. De¢ne an action
s : H 
 B! B by

s�Kl 
 n� � nÿ �l; n�:
Denote s�Kl 
 b� by bl. Recall that �ni; nj� � dij ÿ 1=n. This fact will be used repeat-
edly in the calculations below.

Let R be the matrix Rp de¢ned in Section 1.1 with h � 1=n, considered as an
operator on the space V 
 V where V has basis fe1; . . . ; eng. Set ~R � RP and let
~Rkl
ij be the matrix coef¢cients of ~R de¢ned by ~R � ei 
 ej �

P
k;l

~Rkl
ij ek 
 el . FromDe¢-

nition 1.3 we have that for any z1 and z2,X
k;l

~Rkl
ij z

kÿ1
1 zlÿ12 � a�z1 ÿ z2�ziÿ11 zjÿ12 � b�z1 ÿ z2��z1 � 1=n�jÿ1�z2 ÿ 1=n�iÿ1:

where a�x� � 1=�x� 1=n� and b�x� � 1ÿ a�x�. De¢ne the operator R 2 EndCsV ~
V
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by

R�ei 
 ej� � ei 
 ej 
 a�nnji ÿ nj� � ej 
 ei 
 b�nnji ÿ nj�

� ei 
 ej 
 1
ni ÿ nj � dij

� ej 
 ei 
 1ÿ 1
ni ÿ nj � dij

� �
:

This is the solution of the DBE corresponding to the standard example of solution of
the DYBE of the type given in [7, Theorem 1.2]. Finally de¢ne an operator
A 2 EndCs�V � by A�ei� �

P
ek 
 niÿ1k .

THEOREM 3.1. RA � ~R.
Proof. We prove that RA1A2 � A1A2 ~R. In matrix form this is equivalent toX

c;d

Rms
cd �Ac

i �ndAd
j �

X
k;l

~Rkl
ij �Am

k �nsAs
l :

Using the fact that b�nnsm ÿ ns� � 0 when m � sX
k;l

~Rkl
ij �Am

k �nsAs
l �

X
k;l

~Rkl
ij �nnsm�kÿ1nlÿ1s

� a�nnsm ÿ ns��nnsm�iÿ1njÿ1s � b�nnsm ÿ ns� ns ÿ 1
n

� �iÿ1
nnsm �

1
n

� �jÿ1

� a�nnsm ÿ ns��nnsm�iÿ1njÿ1s � b�nnsm ÿ ns��nnms �iÿ1�nm�jÿ1
�
X
c;d

Rms
cd �Ac

i �ndAd
j

as required. &

Acknowledgement

The authors would like to thank Tony Giaquinto for many helpful conversations
concerning boundary solutions of the Yang^Baxter equation.

References

1. Avan, J., Babelon, O. and Billey, E.: The Gervais^Neveu^Felder equation and the quan-
tum Calogero-Moser systems, Comm. Math. Phys. 178 (1996), 281^299.

2. Bilal, A. and Gervais, J.-L.: Systematic constructions of conformal theories with higher
spin Virasoro symmetries, Nuclear Phys. B. 318 (1989).

3. Cremmer, E. and Gervais, J.-L.: The quantum group structure associated with
non-linearly extended Virasoro algebras, Comm. Math. Phys. 134 (1990), 619^632.

4. Demidov, E., Manin, Y. I., Mukhin, E. E. and Zhdanovich, D. V.: Non-standard quan-
tum deformations of GL�n� and constant solutions of the Yang^Baxter equation, Progr.
Theoret. Phys. Suppl. 102 (1990), 203^218.

5. Ding, J. and Hodges, T. J.: The Yang^Baxter equation for operators on function ¢elds,
Preprint.

236 ROBIN ENDELMAN AND TIMOTHY J. HODGES



6. Drinfeld, V.: On constant quasiclassical solutions of the Yang^Baxter quantum equation,
Soviet Math. Dokl. 32 (1993), 667^671.

7. Etingof, P. and Varchenko, A.: Solutions of the quantum dynamical Yang^Baxter
equation and dynamical quantum groups, Comm. Math. Phys. 196 (1998), 591^640.

8. Etingof, P. and Varchenko, A.: Exchange dynamical quantum groups, Comm. Math.
Phys. 205 (1999), 19^52.

9. Etingof, P., Schedler, T. and Schiffmann, O.: Explicit quantization of dynamical
r-matrices for ¢nite-dimensional semisimple Lie algebras, J. Amer. Math. Soc. 13(3)
(2000), 595^609.

10. Etingof, P. and Schiffmann, O.: A link between two elliptic quantum groups, Asian J.
Math. 2 (1998), 345^354.

11. Felder, G. and Pasquier, V.: A simple construction of elliptic R-matrices, Lett. Math.
Phys. 32 (1994), 167^171.

12. Gerstenhaber, M. and Giaquinto, A.: Boundary solutions of the classical Yang^Baxter
equation, Lett. Math. Phys. 40(4) (1997), 337^353.

13. Gerstenhaber, M. and Giaquinto, A.: Boundary solutions of the quantum Yang^Baxter
equation and solutions in three dimensions, Lett. Math. Phys. 44 (1998), 131^141.

14. Hodges, T. J.: On the Cremmer^Gervais quantizations of SL�n�, Internat. Math. Res.
Notices 10 (1995), 465^481.

15. Hodges, T. J.: Generating functions for the coef¢cients of the Cremmer^Gervais
R-matrices, J. Pure Appl. Algebra, to appear.

16. Ohn, C. A *-product on SL�2� and the corresponding nonstandard quantum U�sl�2��, Lett.
Math. Phys. 25 (1992), 85^88.

17. Shibukawa, Y. and Ueno, K.: Completely Z-symmetric R matrix, Lett. Math. Phys. 25
(1992), 239^248.

18. Whittaker, E. T. and Watson, G. N.: A Course of Modern Analysis, Cambridge Univ.
Press, 1999.

GENERALIZED JORDANIAN R-MATRICES OF CREMMER^GERVAIS TYPE 237


