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Introduction

In this note we show how infinite dimensional versions of the Cremmer-Gervais
and Jordanian R-matrices occur as operators on rational function fields. More-
over we classify certain types of solutions of the Yang-Baxter equation on rational
function fields and show that the above operators are essentially the only solutions.

Recall that if A is an integral domain and σ is an automorphism of A, then σ
extends naturally to the field of rational functions A(x) by acting on the coefficients.
Denote by F(z1, z2) the field of rational functions in the variables z1 and z2. Then for
any σ ∈ Aut F(z1, z2), and any i, j ∈ {1, 2, 3}, we may define σij ∈ Aut F(z1, z2, z3)
by realizing F(z1, z2, z3) as F(zi, zj)(zk). Set Γ = Aut F(z1, z2). Elements R =∑

αi(z1, z2)σi of the group algebra F(z1, z2)[Γ] act as linear operators on F(z1, z2)
and we may define in this way Rij as linear operators on F(z1, z2, z3). Thus we may
look for solutions of the Yang-Baxter equation R12R13R23 = R23R13R12 amongst
such operators. Denote by P the operator P · f(z1, z2) = f(z2, z1).

First we look for operators of the form

R · f(z1, z2) = α(z1/z2)f(z1, z2) + β(z1/z2)f(z2, z1)

where α(x), β(x) ∈ F(x). One solution of this is an infinite dimensional version
of one member of the two parameter family of Cremmer-Gervais R-matrices [2,
12]. Moreover up to a certain natural equivalence, this is essentially the only such
solution. This approach explains and clarifies the results on generating functions
for the Cremmer-Gervais R-matrices in [11].

Next we consider the additive version; that is, operators of the form

R · f(z1, z2) = α(z1 − z2)f(z1, z2) + β(z1 − z2)f(z2, z1)

where α(x), β(x) ∈ F(x). In this case the solution is again essentially unique. It
is again a kind of direct limit of finite dimensional olutions of the Yang-Baxter
equation. However this time the solutions are less familiar. They turn out (when
twisted appropriately) to be generalizations of the Jordanian R-matrix [4] which
may be viewed as quantizations of certain skew-symmetric solutions of the classical
Yang-Baxter equation [5, 9, 10].

This work is an analog for the constant Yang-Baxter equation of work of Shibukawa
and Ueno. In [14], Shibukawa and Ueno construct solutions of the Yang-Baxter
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equation with spectral parameter on meromorphic functions of two variables. They
show that operators of the form

R(λ) = G(z1 − z2, λ)P − G(z1 − z2, κ)I

satisfy the equation

R12(λ1)R13(λ1 + λ2)R23(λ2) = R23(λ2)R13(λ1 + λ2)R12(λ1)

for any κ ∈ F if G is of the form

G(z, λ) =
θ′(0)θ(λ + z)

θ(λ)θ(z)

and θ satisfies the equation

θ(x + y)θ(x − y)θ(z + w)θ(z − w) + θ(x + z)θ(x − z)θ(y + w)θ(w − y)

+ θ(x + w)θ(x − w)θ(y + z)θ(y − z) = 0

The solutions of this equation are well known (see for instance, [15]). They are
of three types: elliptic, trigonometric and rational. These lead to operators of
the respective types which we shall denote Re(λ), Rt(λ), and Rr(λ). Felder and
Pasquier showed that the elliptic solutions when twisted and restricted to certain
finite dimensional spaces yield the Belavin R-matrices. A similar procedure when
applied to Rt(λ), and Rr(λ) yields trigonometric and rational degenerations of the
Belavin R-matrices. In these two degenerate cases it is possible to take the limit
as λ → ∞ to obtain solutions of the constant Yang-Baxter equation For Rt(λ) this
yields (after the usual twisting and restriction) the Cremmer-Gervais R-matrices.
For Rr(λ) it yields the generalized Jordanian R-matrices referred to above. This
situation can be summed up in the following way.

Re(λ) RB(λ)
y

y

Rt(λ) −−−−→ R∞
t R̂CG(λ) −−−−→ RCGy
y

y
y

Rr(λ) −−−−→ R∞
r RB,r(λ) −−−−→ Rp

The matrices on the left are the operators on meromorphic functions. The vertical
arrows denote the degeneration of θ from a true theta function to a trigonometric
function and then a rational function. The horizontal arrows denote passing to the
limit as the spectral parameter tends to infinity. The right hand diagram gives the
corresponding finite dimensional R-matrices.

1. The constant Yang-Baxter equation on rational function fields

We begin by looking at operators of the form

R · f(z1, z2) = α(z1/z2)f(z2, z1) + β(z1/z2)f(z1, z2)

where α(x), β(x) ∈ F(x). We wish to determine for which functions α and β the
operator R satisfies the Yang-Baxter equation. For a rational function α(x) ∈ F(x),
we shall denote by α̃ the function α(z1/z2) ∈ F(z1, z2). With this notation we may
write R as α̃P + β̃I.
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Lemma 1.1. The operator R = α̃P + β̃I satisfies the Yang-Baxter equation if
and only if the following two equations are satisfied (in the rational function field
F(x, y))

α(x)α(y) = α(xy−1)α(y) + α(x)α(yx−1)(1.1)

α(x)α(y)2 + β(y)β(y−1 )α(xy) = α(x)2α(y) + β(x)β(x−1)α(xy)(1.2)

Proof. Applying both sides of the Yang-Baxter equation to an arbitrary function
f(z1, z2, z3) and comparing coefficients of f(zσ(1), zσ(2), zσ(3)) for σ ∈ Σ3 shows that
the Yang-Baxter equation holds if and only if the following equations are satisfied.

α(z1/z2)α(z2/z3)2 + β(z2/z3)α(z1/z3)β(z3/z2) =

α(z1/z2)2α(z2/z3) + β(z1/z2)α(z1/z3)β(z2/z1)

α(z2/z3)β(z1/z2)α(z1/z3) = β(z1/z2)α(z1/z3)α(z2/z1)+α(z1/z2)α(z2/z3)β(z1/z2)

β(z2/z3)α(z1/z3)α(z3/z2)+β(z2/z3)α(z2/z3)α(z1/z2) = β(z2/z3)α(z1/z2)α(z1/z3)

The last two equations are both equivalent to 1.1 and the first one to 1.2.

Notice that if α(x) and β(x) are solutions of the above equations then so are
λα(xn) and λβ(xn) for any integer n and any λ ∈ F. Moreover we may clearly
multiply β(x) by any member of Γ = {g(x) ∈ F(x) | g(x)g(x−1) = 1} and β(x) will
still satisfy 1.2. Surprisingly, the solutions to 1.1 and 1.2 turn out to be almost
unique modulo these adjustments.

Theorem 1.2. If α 6= 0 the operator R = α̃P + β̃I satisfies the Yang-Baxter
equation if and only if, there exist λ ∈ F\0, µ ∈ F, k ∈ Z and g(x) ∈ Γ such that

α(x) =
λ

1 − xk
and β(x) =

(
λ

1 − xk
+ µ

)
g(x).

Proof. The verification that α and β satisfy the hypotheses of the lemma is ele-
mentary. Conversely, suppose that α satisfies 1.1. If a is a zero of α then equation
1.1 implies that α(ay−1)α(y) = 0 which is impossible unless a = 0. Thus we may
write α in the form

α(x) =
xm

p(x)

where p(x) is a polynomial with p(0) 6= 0. If b is a root of p then equation 1.1
implies that

xmp(by−1)[bmp(yb−1) − p(y)] = 0

whence p(y) = bmp(yb−1). Thus if a and b are roots of p so is ab−1 and the roots
form a group H of order, say, k. Since p(0) 6= 0, we must have bm = 1 for all
b ∈ H. Hence k|m and p(x) = p(xb) for all b ∈ H. This implies that p(x) =
λ(1 − xk)l for some integer l. Setting y = x−1 in equation 1.1 and substituting
yields xm−lk + xm = (1 + xk)l so l = 1 and m = 0 or k. This implies that α has
the required form.

If α and β satisfy equations 1.1 and 1.2 then it is easily seen that

β(x)β(x−1) = α(x)α(x−1) + γ
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for some scalar γ. Moreover for any fixed γ, any two solutions for β differ by a
factor g(x) ∈ Γ. If α and β are as in the statement of the Theorem, then

β(x)β(x−1) = α(x)α(x−1) + µ(α(x) + α(x−1)) + µ2

= α(x)α(x−1) + µλ + µ2.

Thus for any α the β satisfying 1.2 are precisely the functions β(x) = (α(x) +
µ)g(x).

Remark 1. This result remains true in the case of meromorphic functions.

The most interesting example is the simplest one; when k = 1, g(x) = 1 and the
constants are chosen so that RP satisfies the Hecke condition (RP−q)(RP +q−1) =
0. That is,

α(x) =
q̂

1 − x
and β(x) =

q−1 − qx

1 − x
.

In this case R restricts to one of the Cremmer-Gervais R-matrices on certain finite
dimensional subspaces.

Recall that the Cremmer-Gervais R-matrices are a two-parameter family of solu-
tions to the constant Yang-Baxter equation. If V is an n-dimensional vector space
with basis {e1, e2, . . . , en}, the Cremmer-Gervais operators are defined by [2, 12]

ρp(ej ⊗ ei) = qpi−jej ⊗ ei +
∑

k

q̂pi−kη(i, j, k)ek ⊗ ei+j−k

where q and p are non-zero elements of the base field F, q̂ = q − q−1 and

η(i, j, k) =





1 if i ≤ k < j

−1 if j ≤ k < i

0 otherwise

Proposition 1.3. Let R be the operator α̃P + β̃I where α(x) = q̂/(1 − x) and
β(x) = (q−1 − qx)/(1 − x). Let V be an n-dimensional vector space and identify
V ⊗ V with the subspace of F(z1, z2) of polynomials of degree less than or equal to
n in both variables. Then R leaves V ⊗ V invariant and the matrix representing R
with respect to the basis zj

1z
i
2 is ρ1.

Proof. Notice that for any i and j,
∑

k

η(i, j, k)xk =
xi − xj

1 − x

From this it follows easily that

R · zj
1z

i
2 = qzj

1z
i
2 +

∑

k

η(i, j, k)zk
1zi+j−k

2

as required.

Just as the more general Cremmer-Gervais operators ρp may be obtained from
ρ1 by a simple twisting method, so we may twist this operator R to obtain more
general matrices Rp which restrict to ρp in the same way as R restricts to ρ1. Fix
p ∈ F\0, and define an invertible operator F on F(z1, z2) by

F · f(z1, z2) = f(p−1z1, pz2)
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Theorem 1.4. Let R = α̃P + β̃I be a solution of the Yang-Baxter equation on
F(z1, z2). Then RF = F−1

21 RF12 is also a solution of the Yang-Baxter equation.
Moreover, when α(x) = q̂/(1 − x) and β(x) = (q−1 − qx)/(1 − x), then RF again
leaves V ⊗ V invariant and the matrix representing RF with respect to the basis
zj
1z

i
2 is ρp.

Proof. For the first assertion it suffices to check the relations

1. F12F13F23 = F23F13F12

2. R12F23F13 = F13F23R12

3. R23F12F13 = F13F12R23

The second assertion is verified exactly as in the previous proposition.

We now turn beiefly to consider the “additive” version of this construction.
Namely we can look for operators of the form

R · f(z1, z2) = α(z1 − z2)f(z2, z1) + β(z1 − z2)f(z1, z2)

satisfying the Yang-Baxter equation. One sees analogously that R satisfies the
Yang-Baxter equation if and only if

α(x)α(y) = α(x − y)α(y) + α(x)α(y − x)

α(x)α(y)2 + β(y)β(−y)α(x + y) = α(x)2α(y) + β(x)β(−x)α(x + y)

Theorem 1.5. The operator R = α̌P + β̌I satisfies the Yang-Baxter equation if
and only if there exist λ, µ ∈ F, and g(x) ∈ Γ′ such that

α(x) = −λ

x
and β(x) =

(
µ +

λ

x

)
g(x).

For this operator,

R · zj
1z

i
2 = µzj

1z
i
2 +

∑

k

η(i, j, k)zk
1zi+j−k−1

2

Hence R again leaves the subspaces V ⊗ V invariant and on these spaces becomes
the operator

R(ej ⊗ ei) = µej ⊗ ei +
∑

k

λη(i, j, k)ek ⊗ ei+j−k−1.

One can again twist using an additive version of the twist described in 1.4. Re-
stricting these matrices to finite dimensional subspaces yields quantizations of the
boundary classical r-matrices discovered by Gerstenhaber and Giaquinto [9, 10]
(see [5] for details).

If we replace F(z1, z2) by meromorphic functions in two variables, then replacing
x by e2πiz in the funcions of Theorem 1.2 clearly leads to solutions of the additive
form. In particular the simplest such solution yields

α(z) =
sinπh

sin πz
, β(z) =

sin π(h + z)
sin πz

Because R is Hecke, The family of operators

R(λ) = e−πiλR − eπiλR−1
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will satisfy the general Yang-Baxter equation. After multiplying by a suitable
scalar, R will be of the particularly symmetric form R(λ) = α̌I + β̌P where

α(z) =
sin π(z + λ)

sin πz
sin πλ, β(z) =

sin π(z + h)
sin πz

sinπh.

This is the trigonometric version of the R operator of Shibukawa and Ueno discussed
in the introduction.

Finaly let us note an interesting connection between the symmetric algebra as-
sociated to infinite dimensional Cremmer-Gervais operator and the affine quantum
universal enveloping algebra Uq( ˆsl(2)). Let V = F[z] and let R be the operator on
V ⊗ V described in 1.3. As usual we can form the associated q-symmetric algebra
as SR,q(V ) = T (V )/((RP −q)(V ⊗V )). Now for any f ∈ V ⊗V = F[z1, z2], we have
(R− q)f = β(P − I)f . From this it follows that the elements of (R− q)(V ⊗V ) are
of the form (qz2 − q−1z1)g where g(z1, z2) is symmetric (in the usual sense). Now,

(qz2 − q−1z1)(zk
1 zl

2 + zl
1z

k
2 ) = qzk

1 zl+1
2 − q−1zk+1

1 zl
2 + qzl

1z
k+1
2 − q−1zl+1

1 zk
2 .

Hence if Xk denotes the image of zk in SR,q(F[z]), then the relations defining the
symmetric algebra are

Xk+1Xl − q2XkXl+1 = q2XlXk+1 − Xl+1Xk

These are precisely the relations defining the subalgebra U+ of Uq( ˆsl(2)) [3]. Hence
we have SR,q(F[z]) ∼= U+. It would be interesting to have a more abstract expla-
nation for this isomorphism.

References

[1] A. Bilal and J.-L. Gervais, Systematic constructions of conformal theories with higher spin

Virasoro symmetries, Nucl. Phys. B., 318 (1989).
[2] E. Cremmer and J.-L. Gervais, The quantum group structure associated with non-linearly

extended Virasoro algebras, Comm. Math. Phys., 134 (1990), 619-632.

[3] V. G. Drinfeld, New realization of Yangians and affine algebras, Soviet Math. Dokl., 36
(1988), 212-216.

[4] E. Demidov, Y. I. Manin, E. E. Mukhin and D. V. Zhdanovich, Non-standard quantum
deformations of GL(n) and constant solutions of the Yang-Baxter equation, Progr. Theor.

Phys. Suppl. 102 (1990), 203-218.
[5] R. Endelman and T. J. Hodges, Generalizations of the Jordanian R-matrix of Cremmer-

Gervais type, preprint.
[6] P. Etingof and A. Varchenko, Solutions of the quantum dynamical Yang-Baxter equation

and dynamical quantum groups, Comm. Math. Phys. 196 (1998), 591–640.
[7] P. Etingof and A. Varchenko, Exchange dynamical quantum groups, q-alg/9801135.

[8] G. Felder and V. Pasquier, A simple construction of elliptic R-matrices, Lett. Math. Phys.,
32 (1994), 167-171.

[9] M. Gerstenhaber and A. Giaquinto, Boundary solutions of the classical Yang-Baxter equa-
tion.

[10] M. Gerstenhaber and A. Giaquinto, Boundary solutions of the quantum Yang-Baxter equa-
tion and solutions in three dimensions.

[11] T. J. Hodges, The Cremmer-Gervais solution of the Yang Baxter equation, Proc. Amer.
Math. Soc., 127 (1999), 1819-1826.

[12] T. J. Hodges, On the Cremmer Gervais quantizations of SL(n), Int. Math. Res. Notices,
10 (1995), 465-481.

[13] M. Jimbo, H. Konno, S. Odake and J. Shiraishi, Quasi-Hopf twistors for elliptic quantum
groups, q-alg/9712029.

[14] Y. Shibukawa and K. Ueno, Completely symmetric R matrix, Lett. Math. Phys., 25 (1992),
239-248.

[15] E. T. Whittaker and G. N. Watson, A Course of Modern Analysis, Cambridge, 1999.



THE YANG-BAXTER EQUATION FOR OPERATORS ON FUNCTION FIELDS 7

University of Cincinnati, Cincinnati, OH 45221-0025, U.S.A.
E-mail address: jintai.ding@uc.edu

University of Cincinnati, Cincinnati, OH 45221-0025, U.S.A.
E-mail address: timothy.hodges@uc.edu


