Determinant Test for Positive and Negative Definite Matrices

THEOREM. Let A be an m n symmetric real matrix and let e the determinant of the matrix obtained
from A by deleting the last n - k rows and columns of A. Then
1) A is positive definite if and only if } ..., D, are strictly positive; and
2) A is negetive definite if and only if ..., D, dternate in sign.
PROOF 1). We prove this by induction. The case n = 1 is easily verified.

Now assume that the result is true fox n matrices. Assume that A is an (n #1(n + 1) matrix
and assume that the determinants D , D, . of the principal minors of A are strictly positive. Then the
matrix B obtained from A by deleting the last row and column of A is positive definite. There is an
orthonormal basis of eigenvectors of B, i.e., an orthonormal kasis , x, of 0" and strictly positive
numbersA,, ... , A such that

BX; = A)X; (1<i<n).
There is an orthogonalxn matrix P such that
P'BP = diag k,, ... . A_).
Here P is the matrix with respective columas Then the (n + 1¥ (n + 1) matrix Q given by

Q=g
has the property that
Ay 0 .. 0 g
0 Ay, .. 0 g
Q'AQ=
0 0 .. A, &,
a; ay ... ap ap

In fact we note that CAQ is again symmefric. We have that

Det(Q'AQ) = (Det Q)* (Det A) (Det Q) = Det A=D>0
from the rules of manipulation of determinants. We also have that a determinant does not change when we add a
scalar multiple of one column to another column. In our case, this gives

7\1 0..0 0
0 )\2... 0 0

Def ... ... ... ... >0
0O 0 .. )‘n 0

n
2
ap @ ... @y ans1- . (@7A)
i=1

The preceding determinant is

Since the\, are strictly positive, we get that
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We now show that @\Q is positive definite. We have that
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Now we see that # 0 imp\ies that
y'QTAQy > 0.

In fact, if ., # 0, this is clear from the preceding expression. In ¥ 0, then we get that
n

yQ'AQy= T Ayl >o.
i=1

So we have that

2'Az= (2'Q)Q'AQ(Q"2) > 0
for everyz # 0. The induction step is now complete.

The converse of part 1 is clear. In fact, suppose A is a positive defixitenmatrix and that ¥ m < n;
then
(Xg oo v %00 0, oo, OJA(Xy, oo, %, 0, .., 0) >0

for every nonzero vector {x..., X, 0, ..., 0). This means that thexnm submatrix of A consisting of the first
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m rows and columns of A is positive definite and thus has a strictly positive determinant.

PROOF 2). The matrix C is negative definite matrix if and only if the matrix A = - C is positive definite. We have
that A is positive definite if and only if D ..., D, are strictly positive where the, Bre the determinants of the
principal minors of A. But we have that

D, =(- 1)Det G

where Gis the fh principal minor of C. This gives the statement in (2).

COROLLARY. LetA = (q}) be a symmetric 2 matrix. Then

1) A'is positive definite if & >0 and g,a,, - (312)2 > 0;

2) Ais negative definite ifg < 0 and a,a,, - (a,,)* > 0; and

3) there are nonzero vectors andv,, in -2 with vlTAv1 >0 and vasz <0if a,a,,- (alz)2 <0.

PROOF. Part (3) states that A is nonsingular but neither positive or negative definite, viz., A has eigkmwitlues
A, <O
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