
PREHISTORY

BOLTZMAN

S = k logW

s(u; p) =
k

V
logW

� how can this be ?

� why `log' ?



PREHISTORY

EINSTEIN

W = eV s(u;p)=k

� 
uctuations are governed by the entropy

function



NOTATION

f1; f2; ::: positive real numbers

fn � en� , lim
n

1

n
log fn = �



HISTORY

CRAM�ER 1937

X1; X2; � � �
�independent
�identically distributed
�E[Xj] = � <1

Mn :=
1

n
(X1+ � � �+Xn)

IP [Mn > x] � e�nI(x); x > �;

IP [Mn < x] � e�nI(x); x < �:



WLLN

� CRAM�ER'S THEOREM

) WEAK LAW OF LARGE NUMBERS

Mn :=
1

n
(X1+ � � �+Xn)

! �=: IE[Xj]

(convergence in probability)



RISK THEORY

Xj: total claims on jth day

p: premium income per day

T : length of the planning period

� minimum value of p so that risk of ruin is less

than e�r?

 p p

I(p)

*

_r
T

µ

IP [TMT > Tp] < e�r

� put e�TI(p) = e�r

� p� root of I(p) = r
T

� quadratic approximation

I(p) = 1
2

�
p��
�

�2
+ � � �

p� = �+ �
q
2r
T



STATISTICAL

MULTIPLEXING

R: number of active users the system can sup-

port

N : total number of users

N > R =: �N � < 1

� minimum value of � so that risk of conges-

tion is less than e�r?

Xj = 0 or 1 IP
h
Xj = 1

i
= p

 p
ρ

r

ρ∗ 1

I(p)

Ν
_

IP [NMN > N�] < e�r

� put e�NI(�) = e�r

� �� root of I(�) = r
N

� quadratic approximation

�� = �+ �
q
2r
N , � = p(1� p).



DONSKER'S

PROBLEM

Mn : 
! X g : X ! IR

IE[eng(Mn)] � ?

IM[dx] := IP [Mn 2 dx]

IE[eng(Mn)] =
Z
X
eng(x)IMn[dx]

� ?



DONSKER'S

HEURISTICS

If IMn[dx] � e�nI(x)\dx",

then

Z
X
eng(x)IMn[dx] �

Z
X
eng(x)e�nI(x)\dx"

� en�

where

� := sup
x2X

fg(x)� I(x)g:



PRINCIPLE OF THE

LARGEST TERM

NOTATION:

ffng a sequence of positive reals

fn � en� , limn
1
n log fn = �

PLT:

en�1 + � � �+ en�n � en�;

where � := maxf�1; � � � ; �kg:



HISTORY

VARADHAN 1966

X: topological space

fIMng: a sequence of measures

THEOREM If g : X ! IR is continu-

ous and bounded above and fIMng satis�es an

LDP with rate function I : X ! IR, thenZ
X
eng(x)IMn[dx] � en�

where

� := sup
x2X

fg(x)� I(x)g:



VARADHAN'S

DEFINITION

X: topological space

fIMng: a sequence of measures on X

fIMng satis�es an LDP if there is a function

I : X ! IR such that

(LD1) I is lower semicontinuous;

(LD2) I has compact level sets;

(LD3) for F closed,

lim
n
sup

1

n
log IMn[F ] � � inf

x2F
I(x);



(LD4) for G open,

lim
n
inf

1

n
log IMn[G] � � inf

x2G
I(x):



GOOD SETS

If a subset B of X is good with respect to the

rate function I, then (LD3) and (LD4) imply

IMn[B] � en�

where

� := � inf
x2B

I(x):



AN EXAMPLE

IP
h
Xj = 1

i
= p IP

h
Xj = 0

i
= 1�p

Mn :=
1
n(X1+ � � �+Xn)

I(x) =

(
x log x

p + (1� x) log 1�x
1�p; x 2 [0;1],

+1;otherwise.

The set (x;1) is good w.r.t. I.

I(y)

µ

I(x)

IP [Mn > x] = IP [Mn 2 (x;1)] � en�

where

� := � inf
y2(x;1)

I(y) =

(
�I(x); x > �
0; x � �



TERMINOLOGY

We say that an LDP holds for a sequence

fIMng of random variables Mn : 
 ! X on

a probability space (
; IP) when it holds for

the probability distributions

IMn[B] := IP [Mn 2 B] :

IP [Mn 2 B] = IMn[B] � en�[B]

where

�[B] := � inf
x2B

I(x):



CONTRACTION

PRINCIPLE

Mn : 
! X

f : X ! Y

f(Mn) : 
! Y

CONTRACTION

PRINCIPLE: If fMng satis�es an LDP with

rate-function I and f is continuous, then ff(Mn)g

satis�es an LDP with rate-function J, where

J(x) := inffI(x) : f(x) = yg



PROOF

(for the case of X a �nite set)

IP [f(Mn) = y]

= IP [fMn = x1g [ � � � [ fMn = xkg]

where x1; � � � ; xk are the values of x for which

f(x) = y. Thus

IP [f(Mn) = y]

= IP [Mn = x1] + � � �+ IP [Mn = xk]

= e�nI(x1)+ � � � e�nI(xk)

= en�

using PLT,

where

� := �minfI(x1); � � � ; I(xk)g

= � inffI(x) : f(x) = yg

IP [f(Mn) = y] � e�nJ(y)

where

J(y) := inffI(x) : f(x) = yg



PROVING CRAM�ER'S

THEOREM

RANGE METHOD

of Xj of proof

f0,1g Stirling's Formula
IR Complex Analysis (Cram�er)

IRd ?



HISTORY

RUELLE 1966

� Making sense of

s(u; p) =
k

V
logW

� Making sense of

I(x) = �
1

n
log IP [Mn = x]



RUELLE'S IDEA

IP [Mn = x] is

8><
>:
EITHER zero for all x

OR jumps around
as x varies

So, de�ne

m[Ba(x)] := lim
n

1

n
log IP [Mn 2 Ba(x)]

x aB )a(x

for every ball of radius a around x.

Then, de�ne

I(x) := � lim
a#0

m[Ba(x)]



CONSEQUENCES

OF RUELLE'S DEFINITION

� (LD1) and (LD4) follow from the de�ni-

tion;

� (LD3) follows for compact sets from the

de�nition and the PLT;

� (LD3) for arbitrary closed sets follows when

IP falls o� su�ciently fast at in�nity (ex-

ponential tightness);

� (LD2) comes free with exponential tight-

ness and (LD1).



PROVING...

Prove that

IP [Mn 2 Ba(x)] � en�

for some � 2 IR.

then de�ne

m[Ba(x)] := �
FACT:

an:am � an+m
for all n,m

)
an � en�

for some � 2 IR

� Mn =
1
n(X1 + � � �+Xn) with Xj; j = 1;2; � � �

independent and identically distributed

AND

� Ba(x) convex )
� IP [Mn 2 Ba(x)] IP [Mm 2 Ba(x)] �

IP
h
Mn+m 2 Ba(x)

i

) IP [Mn 2 Ba(x)] � en�

for some � 2 IR.



CONVEXITY

Same method of proof yields:

the rate-function I

is convex

2x x x1

the chord lies above

the curve

I(�x1+ (1� �)x2) � �I(x1) + (1� �)I(x2)



IN SUMMARY...

� IP [Mn 2 Ba(x)] � en�

for some � 2 IR.

)

� fIMng satis�es an LDP

where IMn[B] := IP [Mn 2 B]

)

� IMn[B] � en�[B] for every good

set B,where

�[B] := � inf
x2B

I(x)



BLOCKING

Mn
m :=

1

m
(Xn+1+ � � �+Xn+m)

� Weak dependence:

fMn
mg asymptotically

independent as m!1.

� Stationarity:

Statistics of fMn
mg

independent of n.



GENERALIZE...

X1; X2; � � �
�independent
�identically distributed

) IP [Mn 2 Ba(x)] � en� for some �.
) IMn[B] � en� for good sets with

� := � infx2B I(x)
AND I is convex

X1; X2; � � �
�weakly dependent
�stationary

) IP [Mn 2 Ba(x)] � en� for some � 2 IR.
) IMn[B] � en� for good sets with

� := � infx2B I(x)
AND I is convex



QUEUING

SYSTEMS

Single-server queue in an in�nite bu�er; FIFO

discipline.

Xi: work arriving in ith slot.

Yi: work that server can do in ith slot.

Qi: queue-length at time i.

� service can not be stored )

� LINDLEY'S EQUATION:

QO =maxf0; X�1 � Y�1+Q�1g



EQUILIBRIUM

DISTRIBUTION

� fXig, fYig stationary

� IE[Xi] < IE[Yi] (stability)

Zi := X�i � Y�i

Q) = maxf0; Z1+Q�1g

= maxf0; Z1+maxf0; Z2+Q�2gg

= maxf0; Z1; Z1+; Z2+Q�2g

Wn := Z1 + : : :+ Zn;Wo := 0 workload Q0 =

maxfW0;W1; : : : ;WT +Q�Tg

Equilibrium distribution:

Q := sup
n�0

Wn



THE TAIL

of the probability distribution of the queue-

length Q:

IP [Q > q] �?

ASSUME:

� stationarity of fXjg and fYjg;

� stability: IE[Xj] � IE[Yj];

� LDP for Mn :=
1
nWn;

IP [Mn > x] � e�nI(x);

THEN:

IP [Q > q] � e��q, q !1,

where

� := infx>0
I(x)
x .



HEURISTICS

IP [Q > q] = IP

"
sup
n�0

Wn > q

#

= IP [fW0 > qg [ fW1 > qg [ � � �]

� IP [W0 > q] + IP [W1 > q] � � �

But

IP
h
1
nWn > x

i
� e�nI(x),

So that

IP [Wn > q] � e�nI(q=n)

= e�qI(q=n)=(q=n)

and

IP [Q > q] �
X
n�0

e�qI(q=n)=(q=n)

� eq�

where � := � infx>0
I(x)
x .



CALCULATING

THE RATE-FUNCTION

X = IRd

g(x) =< t; x >:= t1x1+ � � �+ tdxd
IMn[B] := IP [Mn 2 B] � e�n infB I(x)

IE[en<t;Mn>] =

Z
X
en<t;x>IMn[dx]

� en�

� := supXf< t; x > �I(x)g

� If fIMng satis�es an LDP with rate function

I, then

�(�) := limn
1
n log IE[e

n<t;Mn>]

exists and is given by

�(�) = supx2Xf< t; x > �I(x)g:



LEGENDRE

TRANSFORMS

f : IRd ! IR

f�(t) := sup
x2IRd

f< t; x > �f(x)g

f is closed if the level sets fs : f(x) � ag; a 2 IR,

are closed;

f is proper if f(x) > �1 for all x and;

f(x) < +1 for some x;

f is convex if the chord lies above the curve.

If f is a closed proper convex function, then f�

is a closed proper convex funciton and

(f�)� = f:



INVERTING

If I : IRd ! IR is the rate-funciton of a se-
quence of probability distributions, then

� I is closed, by (LD1)

� I is proper becasue I(x) � 0 for all x and
I(x) = 0 for some x;

� if the existence of I is established using
Ruelle's method, then I is convex.

In such cases, we can invert

I�(t) = �(t) :

we have

I(x) = (I�)�(x) = ��(x):

This yields:

I(x) = sup
t2IRd

f< t; x > ��(t)g:



EXAMPLES...

Mn :=
1
n(X1+ � � �+Xn)

fXjg independent, identically distributed

�(�) := limn!1
1
n log IE[e

n<t;Mn>]

IE[en<t;Mn>] = IE[e<t;X1>+���<t;Xn>]

= IE[e<t;Xj>]
n

Thus �(�) = log IE[e<t;Xj>]

This is the cumulant generating function.

EXAMPLE

IP
h
Xj = 1

i
= p = 1� IP

h
Xj = 0

i
�(�) = log(pet+1� p)

I(x) =

(
x log x

p + (1� x) log 1�x
1�p; x 2 [0;1],

+1;otherwise.



SCGF:

scaled cumulant generating function

d = 1

�(�) := limn
1
n log IE[e

�nMn]

Wn = nMn (work-load process)

I rate function for fMng.

� = infx>0
I(x)
x

OR, EQUIVALENTLY,

� = supf� : �(�) � 0g



CONSTANT

SERVICE-RATE

s: constant service-rate

Wn = An � ns

An: number of arrivals up to time n

�A(�) := lim
n

1

n
log IE[e�An]

�(�) = �A(�)� �s

�(s) = supf� : �A(�) � �sg

λ

θ

y=

(θ)
θs

δ(s)

A



BYPASSING

MODELLING...

(Non-parametric estimation)

� Approximate �A(�) by a �nite-time version

�A(�) �
1

T
log IE[e�AT ]

� Replace IE[e�AT ] by an empirical mean:

�̂A(�) :=
1

T
log

0
@ 1

K

KX
k=1

e�A
(k)
T

1
A

where

A
(k)
T := X(k�1)T+1+ � � �+XkT

�̂(s) := supf� : �̂A(�) � �sg



BANDWIDTH

REQUIREMENT

b: �nite storage capacity

s: line-rate

Assocaited with each trace is a cell-loss ratio

CLR(b,s)

c: target cell-loss ratio

BWR(b,c) :=minf s:CLR(b,s) � c g

This is the operationally de�ned bandwidth requirem

of the trace.



An Introduction to Large
Deviations

John Lewis, Raymond Russell,
Fergal Toomey

Dublin Institute for Advanced Studies



Phenomenology

Queues in network bu�ers

� Empirical queue-length distributions

� Behaviour of the cell-loss ratio

� Statistical multiplexing gain



Phenomenology

Traces

� Generated from statistical models

On/o� Markov, power-tail, level shifts

� Measured on networks

ATM video source, IP/ethernet rdump

Simulate queuing

� Distribution of the queue-length

� Finite bu�er: loss-ratio against bu�er-size

Asymptotics | on a logarithmic scale

� Large queue-lengths: watermarks

� Large bu�er-sizes: loss curves

� Multiplexing many sources . . .



Related application of Large Deviations

PARing | periodic averaging of rate (de Ve-

ciana and Walrand)

Source PARer
r(t) r (t)p

r (t)pr(t)

3T

tt

T 2T 3TT 2T

� Bu�er the tra�c produced by the source

during time period of length T

� Transmit it at constant rate over the next

period



PARing

Want to ensure that

P( over
ow) � e�r

How large a bu�er do we need?

� Source emits Xt bytes at time t

� Bu�er size is B bytes

� Over
ow in nth period whenX
nth period

Xt > B

P(over
ow) = P

0
@ 1

T

TX
t=1

Xt > B=T

1
A

� e�TI(B=T)



PARing

To meet the required bound on the probability

of over
ow, we need to choose a bu�er-size B

such that

I(B=T) = r=T

Example: Gaussian source

� Xt � N(�; �2)

� I(x) =
1

2

�
x� �

�

�2

� B = T

0
@�+ �

s
2r

T

1
A



Sample-path Large Deviations

Sequence fZn gn�1 of real-valued

random variables

Their sample-path is the function

x 7�! Zdxe



Sample-path Large Deviations

Scale the sample-path

x 7�! Zdtxe

Sequence
n
Zdt t e

o
t�1

of random functions |

satis�es a Large Deviation principle



Sample-path Large Deviations

P
�
Zdt t e 2 B

�
� e�t�[B]

where

�[B] = � inf
�2B

ISP(�)

B is a set of functions (sample-paths) | some

technical details to be dealt with

Structure of the rate-function

ISP(�) =

Z 1

0
I(�(x)) dx



Sample-path Large Deviations

Another look at risk theory

� initial capital C (previously zero)

� premium income at constant rate p

� random claim Zk � N(�; �2) each day

Ruin:

Before | claims exhaust assets at the end of

regulatory period T

Now | claims exhaust assets any time during

regulatory period T



Sample-path LDPs and risk theory

P( ruin ) = P

0
@max

n�T

8<
:

nX
k=1

Zk � pn

9=
; � C

1
A

� e�T�

Rate � given by contraction principle

� = inf f ISP(�) : � causes ruin g

= inf

� Z 1

0
I(�(x)) dx :

sup
x�1

�Z x

0
�(x0) dx0 � xp

�
�
C

T

)



Sample-path LDPs and risk theory

Ruin a rare event | happens in the most

likely way

Most likely for assets to be just exhausted

by claims, and for this to happen just once

Constraint becomes

Z a

0
�(x) dx = ap+ C=T for some a � 1

Rate � given by

� = inf
a�1

�a

where

�a = inf

�Z 1

0

1

2�2
(�(x)� �)2 dx :Z a

0
�(x) dx = ap+ C=T

�



Sample-path LDPs and risk theory

Constrained optimisation | solve

using Lagrange multipliers

Minimise

F (�) =

Z 1

0

1

2�2
(�(x)� �)2 dx+

�

�
ap+ C=T �

Z a

0
�(x) dx

�

Sample-path � a vector

with components �x = �(x)

@F

@�x
=

8>>><
>>>:
1

�2
(�x � �)� � x � a

1

�2
(�x � �) x > a

Justi�cation: calculus of variations



Sample-path LDPs and risk theory

Setting @F=@�x = 0 gives

�x =

(
�+ �2� x � a

� x > a

� is determined by the constraint:

ap+ C=T =

Z a

0
�x dx

= a
�
�+ �2�

�

Gives �2� = p��+C=aT , and the sample-path

most likely to lead to ruin at time aT is

�(x) =

(
p+ C=aT x � a

� x > a



Sample-path LDPs and risk theory

Use � to evaluate �a:

�a =

Z 1

0

1

2�2
(�(x)� �)2 dx

=
1

2�2

Z a

0
(p+ C=aT � �)2 dx

=
a

2�2
(p� �+ C=aT)2

Minimise over a

Lots of algebra . . .

a =

8>><
>>:

C

(p� �)T
C � (p� �)T

1 otherwise

Two cases: 1. small initial capital

2. large initial capital



Sample-path LDPs and risk theory

Large initial capital

� P( ruin ) � exp

 
�

T

2�2

�
p� �+

C

T

�2!

� Most likely time of ruin is T , at the end

of the planning period

� Minimum premium required to ensure

P( ruin ) � e�r is

p = �+ �

s
2r

T
�
C

T



Sample-path LDPs and risk theory

Small initial capital

� P( ruin ) � exp

�
�
2C

�2
(p� �)

�

� Most likely time of ruin is
C

p� �

� Minimum premium required to ensure

P( ruin ) � e�r is

p = �+
�2r

2T



Sample-path Large Deviations

Sample-path Large Deviation principle tells us

� probability of ruin

� time of ruin

� pattern of claims which leads to ruin

Rate-function

ISP(�) =

Z 1

0
I(�(x)) dx



Sample-path Large Deviations

Question: Why use sample-path Large Devia-

tions?

Answer: The Contraction Principle

� The Contraction Principle allows us to

reuse Large Deviation principles

� Many interesting quantities can be rewrit-

ten as functions of the scaled sample-path

� Prove one Large Deviation principle from

which many others can be deduced by con-

traction



Sample-path Large Deviations

General approach to deducing Large Deviation

principles from sample-path LDP

fYt g the random variables of interest

Yt = f(Zdt t e)

Rate-function J for fYt g given by

J(y) = inf

� Z 1

0
I(�(x)) dx : f(�) = y

�



Sample-path Large Deviations

Example: Empirical Mean

The empirical mean can be written as a con-

traction of the sample-path

f(�) =
Z 1

0
�(x) dx

Calculate J(y) using Lagrange multipliers |

minimise

F(�) :=

Z 1

0
I(�(x)) dx+ �

 
y �

Z 1

0
�(x) dx

!



Sample-path Large Deviations

Example: Empirical Mean

Use techniques from the calculus of variations:

@F

@�x
=

(
I 0(�x)� � x � 1

I 0(�x) x > 1

Setting @F=@�x = 0 gives

�x =

(
(I 0)�1(�) x � 1

m x > 1

where m = EZ1 is the mean of the process.



Sample-path Large Deviations

Example: Empirical Mean

(I 0)�1(�) is some constant, c say, whose value

is determined by the constraint

y =

Z 1

0
�(x) dx

= c

Thus the sample-path � which minimises ISP
subject to the constraint is

�(x) =

�
y x � 1

m x > 1



Sample-path Large Deviations

Example: Empirical Mean

Evaluating ISP at � gives J(y)

J(y) =

Z 1

0
I(�(x)) dx

=

Z 1

0
I(y) dx

= I(y)

The process of evaluating the contracted rate-

function yields geodesics | the sample-paths

most likely to result in the rare-event whose

rate is J(y).

Large Deviation in the empirical mean is most

likely to be due to all values deviating from the

mean



Sample-path Large Deviations

fZk gk�1 i.i.d. and bounded

P

0
@ 1

t

tX
k=1

Zk 2 B

1
A � e

�t inf
z2B

I(z)

(Cr�amer's Theorem)

Exponential behaviour of the distribution of

the average over the block 1 to t



Sample-path Large Deviations

One-dimensional Large Deviations | average

over one block

t

G

Two adjacent blocks?

S(a; b) :=
1

b� a
(Za+1+ : : :+ Zb)

0 < x1 < x2, t1 := dtx1e and t2 := dtx2e



Sample-path Large Deviations

fZi gi�1 i.i.d. ) S(0; t1); S(t1; t2) i.i.d.

t2t1

G1

G2

P(S(0; t1) 2 G1; S(t1; t2) 2 G2 )

= P(S(0; t1) 2 G1 )�P(S(t1; t2) 2 G2 )

� e�t�1 � e�t�2

= e�t(�1+�2)

where �i = xi inf
z2Bi

I(z)



Sample-path Large Deviations

More generally, n blocks

t2 t3

G1

t1

G2

G3

t4 t5
G4

G5

P
�
S(0; t1) 2 G1; : : : S(tn�1; tn) 2 Gn

�
= P(S(0; t1) 2 G1 )� : : :

� e�t�

where

� =
nX

k=1

(xk � xk�1) inf
z2Gk

I(z)



� Average over the blocks and scale up

the block-sizes

Equivalently,

� Fix the block-sizes and scale down

the sample-path

Weak dependence means that blocks are

asymptotically independent

P
�
S(0; t1) 2 G1; : : : S(tn�1; tn) 2 Gn

�
� P(S(0; t1) 2 G1 )� : : :

Rate � is given by sum of the rates for each

block weighted by the length of the block



Sample-path Large Deviations

What is S(ta; tb)?

The average value of the scaled sample-path

over (a; b]

S(ta; tb) =
1

b� a

Z b

a
Zdtxe dx

Choosing more points x1 < x2 < : : : < xN more

closely spaced gives more information about

the scaled sample-path

Question: what is the probability that the

scaled sample-path is close to some given

path �( t )?



Sample-path Large Deviations

Answer: choose x1 < : : : < xN and put

zk :=
1

xk � xk�1

Z xk

xk�1
�(x) dx

Probability that Zdt t e is close to �( t ) is quan-

ti�ed by specifying � > 0 and calculating

P
�
S(txk�1; txk) 2 B�(zk) 8 k = 1; : : : N

�
� exp

0
@�t NX

k=1

(xk � xk�1) inf
z2B�(zk)

I(z)

1
A

Choose � as small as we like



Sample-path Large Deviations

P
�
Zdt t e is close to �

�
� e�t�

where

� =
NX

k=1

(xk � xk�1)I(zk)

Choose as many x1 < : : : < xN as �nely spaced

as we like:

NX
k=1

(xk � xk�1)I(zk) �
Z 1

0
I(�(x)) dx



Sample-path Large Deviations

Example: Queue-length distribution

Q = sup
n�1

nX
k=1

(Ak � Sk)

� Sample-path Large Deviation principle for

fZn := An � Sn g

� Random variables of interest are fQ=t gt�1

� Contraction f is

f(�) = sup
a>0

Z a

0
�(x) dx



Sample-path Large Deviations

Example: Queue-length distribution

Minimise

F(�) := ISP(�) + � (y � f(�))

f involves an optimisation over a | swap order

of minimisation

J(y) = inf
a>0

inf
�;�

�
ISP(�) + �

�
y �

Z a

0
�(x) dx

��

Inner optimisation achieved by

�a(x) =

(
y=a x � a

m x > a



Sample-path Large Deviations

Example: Queue-length distribution

Calculate J(y) by evaluating ISP at �a and op-

timising over a > 0:

J(y) = inf
a>0

Z a

0
I(y=a) dx

= inf
a>0

a I(y=a)

= �y

where � = inf z>0 I(z)=z

Yields queue-length result:

1

t
logP(Q > ty ) = � �y

(Write \q" for \t" and set y = 1)



Sample-path Large Deviations

Example: SPARing

SPARing | sliding window PARing (de Ve-

ciana and Walrand)

Source SPARer
r(t) r (t)p

r (t)pr(t)

t-T t t

rp(t) :=

Z t

t�T
r(x) dx



Sample-path Large Deviations

Example: SPARing

Bu�er occupancy yt at time t

yt =
Z T

0

x

T
r(x+ t� T) dx

Want to ensure that

P( over
ow) � e�r

How large a bu�er do we need?



Sample-path Large Deviations

Example: SPARing

� Source emits at rate Zt at time t

� Bu�er size is B

� Over
ow at time t when

Yt :=
Z T

0

x

T
Zx+t�T dx > B

P(over
ow ) = P(YT > B )

� e�T�

Calculate rate from sample-path Large Devia-

tions of source Zt using Contraction Principle



Sample-path Large Deviations

Example: SPARing

� = inf f ISP(�) : f(�) > B=T g

where f is the SPARing �lter:

f(�) :=

Z 1

0
x �(x) dx

Over
ow is a rare event | most likely to

happen by f(�) = B=T

Constrained optimisation:

Lagrange multiplier � | minimise

F(�) := ISP(�) + � (B=T � f(�))



Sample-path Large Deviations

Example: SPARing

@F

@�x
=

(
I 0(�x)� �x x � 1

I 0(�x) x > 1

Setting @F=@�x = 0 gives path most likely

to lead to over
ow

�(x) =

(
(I 0)�1(�x) x � 1

EZt x > 1

� determined from constraintZ 1

0
x(I 0)�1(�x) dx = B=T

Rate � given by calculating ISP(�)



Sample-path Large Deviations

Example: SPARing

Gaussian case:

� I(z) =
1

2

�
z � �

�

�2

� �(x) =

(
�+ �2�x x � 1

� x > 1

� �=
(��)2

6
, where � =

3

�2

�
B

T
�
�

2

�

�
B

T
=

�

2
+ �

s
2r

3T



Sample-path Large Deviations

Using sample-path Large Deviations:

� Check weak-dependence

� Invoke general theorems

� Choose contraction and

calculate rate-function

� Bonus: geodesics!

Reduces a problem in probability to one

in analysis

Caveat | may still be a hard problem!



Long-Range Dependence

Weak-dependence ) sample-path LDP

ISP =

Z 1

0
I(�(x)) dx

In fact, equivalent

What processes are weakly dependent?

� i.i.d. sequences are

� Markov processes are

� long-range dependent processes are not

Characteristics of long-range dependence:

�
1X
k=1

cov (Z1; Zk) =1



Long-Range Dependence

Characteristics:

� Variance of average over block of length t

varS1(t) � t2H

H is the Hurst parameter

(Short-range dependent ) H = 1=2)

-6

-4

-2

0

2

0 2 4 6 8 10 12

lo
g(

va
ri

an
ce

)

log(time)

log var(X_t)
Short-range dependence asymptote
Long-range dependence asymptote



Long-Range Dependence

Example: fractional Brownian Motion (fBM)

Mean-zero Gaussian process fYt gt2R+

with covariance

cov (Ys; Yt) =
1

2

�
s2H + t2H � jt� sj2h

�

Increments are stationary and ergodic

Correlation between adjacent large blocks

cov (S1; S2) =
1

2

�
22H � 2

�
t2H

Long-range dependence

cor (S1; S2) �! constant 6= 0



Long-Range Dependence

t2t1

G1

G2

� Short-range dependence

P(S1 2 G1; S2 2 G2 )

� P(S1 2 G1 )P(S2 2 G2 )

� Long-range dependence

P(S1 2 G1; S2 2 G2 )

� ec t
2H
P(S1 2 G1 )P(S2 2 G2 )



Long-Range Dependence

� Appropriate scale is t2H

� No matter how large the blocks, adjacent

averages do not become independent

Another characteristic

� Can still calculate sample-path LDP's in

terms of one-dimensional LDP's

P(S1 2 G1; : : : Sn 2 Gn ) � e�t
2H�

where

� =
nX

k=1

(xk � xk�1) inf
z2Gk

I(z)

+ c(G1; : : : Gn)



Multiplexing at a Bu�ered Resource

X(i) 2 IRT ; i = 1; : : : ; L

Xt(i) := tra�c at time t from source i.

Y (L) := X(1) + : : :+X(L) 2 IRT

Yt(L) = total tra�c at time t.

t = 1; 2; : : : ; T:

buffer
Lb

X(L)

X(3)

X(2)

X(1)

link
capacity

Ls

L sources



Multiplexing at a Bu�ered Resource

Y (L) := X(1) + : : :+X(L) 2 IRT :

partial sums of random vectors

Assumption: the sequence fY (L)=L; L = 1; 2; : : :g satis�es a

large deviation priniciple in IRT , with convex rate function lY .

True if:

� di�erent tra�c sources are no more than weakly-dependent ;

� sources are statistically identical.

(Results can be extended to cover multiple tra�c types).

There is no assumption about the behaviour of sources over time.

Tra�c may be long range dependent { or even non-stationary.



Over
ow at a Bu�ered Resource

b := bu�er space per source;

s := output link capacity per source, per unit time.

Over
ow occurs in the interval [0; T ] if and only if the total input

exceeds the total output capacity by at least bL over some sub-

interval of this period.

overflow

t=0 t=T

Lb

total input
less total output
capacity



Over
ow at a Bu�ered Resource

Total input between t = r and t = r0 is

r0X
t=r

Yt(L):

Total output capacity is
r0X
t=r

Ls:

Thus over
ow occurs once or more if and only if

r0X
t=r

(Yt(L)� Ls) > Lb

for any 0 � r � r0 � T .

In other words, if and only if

max
0�r�r0�T

r0X
t=r

(Yt(L)� Ls) > Lb:



Over
ow Probability

IP(over
ow) = IP
 

max
0�r�r0�T

r0X
t=r

(Yt(L)� Ls) > Lb

!

= IP
 

max
0�r�r0�T

r0X
t=r

(Yt(L)=L� s) > b

!
:

De�ne Q : IRT ! IR by

Q(y) := max
0�r�r0�T

r0X
t=r

(yt � s)

so that

IP(over
ow) = IP
 
Q(Y (L)=L) > b

!
:



Over
ow Probability

The sequence fY (L)=L; L = 1; 2; : : :g satis�es the l.d.p. with rate

function lY . The map y 7! Q(y) is continuous.

Therefore the sequence

Q(Y (L)=L); L = 1; 2; : : :

satis�es the l.d.p. with rate function

lQ(q) = inf
(
lY (y) : Q(y) = q

)
:

It follows that

IP(over
ow) = IP
 
Q(Y (L)=L) > b

!
asymp exp

 
�L inf

q>b
lQ(q)

!
:



Simpli�cation

For �xed r; r0 de�ne

Sr;r0(L) :=
r0X
t=r

(Yt(L)=L� s):

Sr;r0(L) is a continuous function of Y (L)=L, so the sequence

Sr;r0(L); L = 1; 2; : : :

satis�es the l.d.p. in IR with rate function

lr;r0(a) = infflY (y) :
r0X
t=r

(yt � s) = ag:

Then

inf
q>b

lQ(q) = inf
(
lY (y) : Q(y) > b

)

= inf
(
lY (y) : max

0�r�r0�T

r0X
t=r

(yt � s) > b

)

= min
0�r�r0�T

inf
(
lY (y) :

r0X
t=r

(yt � s) > b

)

= min
0�r�r0�T

inf
a>b

lr;r0(a):



Stability

Assumption: For each r, r0, the sequence fSr;r0(L); L = 1; 2; : : :g

satis�es a weak law of large numbers. As L!1,

Sr;r0(L)!M(r; r0) in probability,

where

M(r; r0) = IESr;r0(1) = IE
r0X
t=r

(Yt(1)� s):

The rate function lr;r0 then satis�es

lr;r0(M(r; r0)) = 0:

Note that lr;r0 is convex { because lY is convex and Sr;r0 is a linear

function.



T
h
e
U
n
sta

b
le
R
e
g
im

e
:
M
(r;r

0)
�
b
fo
r
a
n
y
r;r

0

cells

rate fn. l(r,r’)

-20
0

20
40

60
80

100

0.0 0.2 0.4 0.6 0.8 1.0 1.2

m
(r,r’)

b=
40

In
th
is
case

in
f

q
>
b
lr;r

0(q)
=
lr;r

0(M
(r;r

0))
=
0:

T
h
e
lik
lih

o
o
d
of

over

ow

d
o
es

n
ot

d
ecay

ex
p
on
en
tially

in
L
:

IP
(over


ow
)
�
ex
p  
�
L
m
in

r;r
0

in
f

q
>
b
lr;r

0(q) !
=
1:



T
h
e
S
ta
b
le
R
e
g
im

e
:
M
(r;r

0)
<
b
fo
r
e
v
e
ry

r;r
0

cells

rate fn. l(r,r’)

-20
0

20
40

60
80

100

0.0 0.2 0.4 0.6 0.8 1.0

m
(r,r’)

b=
40

In
th
is
case

in
f

q
>
b
lr;r

0(q)
=
lr;r

0(b)
>
0:

T
h
e
lik
lih

o
o
d
of

over

ow

d
ecay

s
ex
p
on
en
tially

in
L

w
ith

rate

eq
u
al

to
m
in

r;r
0
lr;r

0(b).

IP
(over


ow
)
�
ex
p  
�
L
m
in

r;r
0

lr;r
0(b) !

:



Stability

The stability condition is

M(r; r0) = IE
r0X
t=r

(Yt(1)� s) < b

for all [r; r0] � [0; T ].

For stationary tra�c IEYt(1) = IEY1(1) so

M(r; r0) = (r0 � r)(IEY1(1)� s):

Take r = 0, r0 = T :

M(0; T ) = T (IEY1(1)� s):

Letting T be large we end up with the usual condition

IEX1(1)� s < 0

for a stable queue to exist.



Multiplexing at a Bu�ered Resource

X(i) 2 IRT

Xt(i) := tra�c from source i at time t.

Y (L) := X(1) + : : :+X(L) 2 IRT

Yt(L) = total tra�c at time t.

Under the assumption of identical weakly-dependent tra�c sources,

fY (L)=L; L = 1; 2; : : :g satis�es the l.d.p. with convex rate func-

tion lY given by

lY (y) = sup
�2IRT

fh�; yi � �Y (�)g

�Y (�) = lim
L!1

1

L
log IE exp

 
h�; Y (L)i

!
:



Over
ow Probabilities

In a stable system, the over
ow probability decays exponentially

in L:

IP(over
ow) � exp
 
�Lmin

r;r0

lr;r0(b)
!
:

lr;r0 is the rate function of the sequence

Sr;r0(L) :=
r0X
t=r

(Yt(L)=L� s); L = 1; 2; : : :

Sr;r0 is a linear function of Y (L)=L. Therefore lr;r0 is convex and

given by

lr;r0(a) = sup
�2IR

f�a� �r;r0(�)g

�r;r0(�) = lim
L!1

1

L
log IE exp

 
�LSr;r0(L)

!

= lim
L!1

1

L
log IE exp

 
�

r0X
t=r

Yt(L)
!
� �s:



E�ective Bandwidths

For stationary sources which are mutually independent:

�r;r0(�) = log IE exp
 

r0X
t=r

Yt(1)
!
� (r0 � r)�s

= log IE exp
 
�
r0�rX
t=0

Xt(1)
!
� (r0 � r)�s:

The function

�(�; r) :=
1

r�
log IE exp

 
�

rX
t=0

Xt(i)
!

is the e�ective bandwidth of source i.

Thus

�r;r0(�) = (r0 � r)��(�; r0 � r)� (r0 � r)�s:



E�ective Bandwidths

IP(over
ow) � exp
 
�Lmin

r;r0

sup
�

f�b� �r;r0(�)g
!

= exp
 
�L min

0�r�T
sup
�
f�b� r��(�; r) + r�sg

!
:

�(�; t) determines the bandwidth s required to meet a given over-


ow constraint.



Monotonic discrete event systems

A discrete event system is a dynamical system whose evolution in

time can be described e�ciently in terms of a sequence of discrete

events.

They arise naturally as models of dynamical behaviour in a vari-

ety of arti�cial systems.

Eg. In computing/communication systems, the events of

interest may be

� commencement/completion of tasks;

� arrival/transmission of data packets;

� expiry of deadlines.



The algebraic approach to discrete event systems

We allow a �nite number (say D) of types of event.

Events of each type are allowed to occur repeatedly.

Dater Description

di(n) := time of nth event of type i:

fd(n); n � 1g system dater.

Counter Description

ci(t) := number of events of type i at or before time t:

fc(t); t 2 IR+ or ZZ+g system counter.

di(n) � t, n � ci(t)



The algebraic approach to discrete event systems

We assume that the system's evolution is governed by a �rst-order

recursive equation:

either in the dater description,

d(n) = Ad(n� 1);

or in the counter description (discrete time),

c(t) = Ac(t� 1):

A : IRD ! IRD is an operator of a certain class.



Homogeneity

Let h be the vector in IRD with all components equal to one.

A : IRD ! IRD is homogeneous i�

A(x+ ah) = Ax+ ah 8x 2 IRD; a 2 IR:

In the dater description,

d(n) = Ad(n� 1);

homogeneity of A re
ects invariance of the system's dynamics

under a shift in the origin of the time axis.

In the counter description,

c(t) = Ac(t� 1);

homogeneity of A re
ects invariance under a homogeneous

re-numbering of events.



Isotonicity

A : IRD ! IRD is isotone i�

8x;y 2 IRD x � y) Ax � Ay:

Consider two systems with daters fd(n)g, fd0(n)g, both

satisfying

d(n) = Ad(n� 1);

d0(n) = Ad0(n� 1);

for n � 1, but with

d(0) � d0(0):

fd(n)g starts earlier than fd0(n)g, and if A is isotone, remains

ahead for all n � 1:

d(n) = And(0) � And0(0) = d0(n) 8n � 1:



Isotonicity

In the counter description:

consider two systems, fc(t)g and fc0(t)g, satisfying

c(t) = Ac(t� 1);

c0(t) = Ac0(t� 1);

for t � 1, but

c(0) � c0(0):

fc(n)g starts with fewer events than fc0(n)g, and if A is

isotone, never catches up:

c(n) = Anc(0) � Anc0(0) = c0(n) 8n � 1:

Such systems are sometimes called monotonic discrete event

systems ; the operators describing them are often called

topical operators (J. Gunawardena + M. Keane, 1995).



Non-expansiveness

c(0) � c0(0)) c(n) � c0(n) 8n � 1:

fc(n)g never catches up with fc0(n)g; on the other hand, it

doesn't fall any further behind than it was to begin with:

Theorem (M. G. Crandall + L. Tartar, 1980)

Let A : IRD ! IRD be homogeneous. Then A is isotone if and

only if A is non-expansive in the l1-norm:

kAx� Ayk1 � kx� yk1 8x; y:

So

kc(n)� c0(n)k1 � kc(0)� c0(0)k1;

for all n.



Examples: timed precedence graphs

τ(b,c)τ(a,c)

τ(c,c)

τ(c,a) τ(c,b)

τ(b,a) τ(a,b)τ(a,a) τ(b,b)

A B

C

Each vertex represents a type of event. An arc from vertex j to

vertex i, with weight �(i; j), means that the nth event of type i

cannot occur until time �(i; j) after the (n� 1)th event of type

j.

If there is no arc from i to j then put �(i; j) := �1.

di(n) = max
j
f�(i; j) + dj(n� 1)g:



Max-plus, min-plus, and min-max operators

d(n) = Ad(n� 1)

(Ax)i := max
j
f�(i; j) + xjg

A is a max-plus matrix operator.

Suppose that events occur as soon as any of their precedence

constraints have been met. Then d(n) = Ad(n� 1) where

(Ax)i := min
j
f�(i; j) + xjg:

A is a min-plus matrix operator.

Systems with constraints of mixed type: d(n) = Ad(n� 1) with

(Ax)i = min
j

fij(x)

fij(x) = max
k
f�(i; j; k) + xkg:

A is a min-max operator.

All of these operators are topical.



Stochastic discrete event systems

Stochastic sequences of topical operators are used to model sys-

tems with 
uctuating or unforeseeable timing data.

fA(n) : n � 1g sequence of random topical operators;

fd(n) : n � 1g evolves according to

d(n) = A(n)d(n� 1):



Example: the single-server queue (dater description)

τ

S

σ

A

f�(n); n � 1g customer inter-arrival times

f�(n); n � 1g customer service times

d1(n) := arrival time of nth customer

d2(n) := departure time of nth customer

First-come �rst-served:

d1(n) = d1(n� 1) + �(n)

d2(n) = (d2(n� 1) + �(n)) _ (d1(n) + �(n))

(d2(n� 1) + �(n)) _ (d1(n� 1) + �(n) + �(n))



Example: the single-server queue (dater description)

A S στ

τ+σ

di(n) =
_
j

(Aij(n) + dj(n� 1))

A(n) �

2
6664

�(n) �1

�(n) + �(n) �(n)

3
7775



Example: �nite-bu�ered queue (counter description)

Customers are served at regular intervals.

Customers arriving to �nd b customers already waiting are turned

away.

fa(t); t � 1g number of arrivals between successive service times.

c1(t) := total number of admitted customers so far

c2(t) := total number of served customers so far

c1(t) = (c1(t� 1) + a(t)) ^ (c2(t� 1) + b)

c2(t) = (c2(t� 1) + 1) ^ (c1(t))

= (c2(t� 1) + 1) ^ (c1(t� 1) + a(t))

ci(t) =
^
j

(Aij(t) + cj(t� 1))

A(t) �

2
6664
a(t) b

a(t) 1

3
7775



Example: real-time scheduling (dater description)

We are given a list of N tasks to be performed in a given order.

Only one task can be performed at a time. Each task has a

deadline.

d1(n) := deadline of nth task.

d2(n) := the latest time at which we can start the nth task, and

still meet the deadlines for this and all succeeding tasks.

f�(n); n � 1g intervals between task deadlines

f�(n); n � 1g times required to complete tasks

We work backwards in time: d1(N) is given and d2(N) = d1(N)�

�(N).

d1(n� 1) = d1(n)� �(n� 1)

d2(n� 1) = (d1(n� 1)� �(n� 1)) ^ (d2(n)� �(n� 1))

= (d1(n)� �(n� 1)� �(n� 1))

^(d2(n)� �(n� 1))



Performance questions

Take the single-server queue as an example.

d1(n) = arrival time of nth customer

d2(n) = departure time of nth customer

Suppose we have N � 1 customers. Then we want an

inequality like d2(N) � T to hold for some threshold T .

The limits

lim
n!1

1

n
di(n); i = 1; 2;

tell us what happens in the long-run. Various ergodic results have

been proved concerning these.

To study the liklihood of failure

IP(d2(N) > T )

we can use large deviation theory.



Erogodic properties

fA(n); n � 1g stationary and ergodic random topical operators

on IRD.

d(n) = A(n)d(n� 1)

Top and bottom functions:

t(x) :=
_
i

xi b(x) :=
^
i

xi:

Theorem (J. M. Vincent, 1994)

There exist extended real numbers 
 and 
 such that, for any

initial condition d(0),

lim
n

1

n
t(d(n)) = 
; lim

n

1

n
b(d(n)) = 
;

almost surely.

Isotonicity and homogeneity of the A's imply ft(d(n))g is sub-

additive, fb(d(n))g is super-additive.

So apply Kingman's theorem.



Projective radius

The projective radius �(A) of a topical operator A is given by

�(A) := sup
x

(t(Ax)� b(Ax)):

Idea: if each A(n) has �nite projective radius, then ft(d(n))=ng

and fb(d(n))=ng will converge to the same thing. Extending this,

Theorem (F. Baccelli + J. Mairesse, 1995)

If there exists a real number C and an integer N such that

�(A(N)A(N � 1) � � �A(1)) � C

with positive probability, then there exists a real number 
 such

that, for any d(0),

lim
n!1

1

n
d(n) = 
h

almost surely.


 is the Lyapunov exponent of fA(n)g.



Example: queue with bu�er of size b

= this strip
range of A(t)

(0,0) (b,0)

admissions

projective radius = b

departures

A(t) =

2
6664
a(t) b

a(t) 1

3
7775

min-plus matrix (irreducible)



Example: queue with in�nite bu�er

projective radius = infinite

arrival time(0,0)

departure time

= half-plane

range of A(n)

A(n) =

2
6664

�(n) �1

�(n) + �(n) �(n)

3
7775

max-plus matrix (reducible)



Ergodic properties

In the dater description

d(n) = A(n)d(n� 1);

di(n)=n gives the average time between events of type i, up to

the nth such event.

In the counter description

c(t) = A(t)c(t� 1)

ci(t)=t gives the average rate of events of type i, up to time t.

These averages converge almost surely to some real number 
,

independent of i, and independent of the initial condition.

No general method is known for the calculation of 
, even in the

i.i.d. case.



Large deviations

The sequence fd(n)=ng satis�es a large deviation principle i�

there exists a l.s.c. function l : IRD ! IR+ such that:

for all open sets G

lim inf
n!1

1

n
log IP(

1

n
d(n) 2 G) � � inf

x2G
l(x);

for all closed sets F

lim sup
n!1

1

n
log IP(

1

n
d(n) 2 F ) � � inf

x2F
l(x):

Thus, in the case of the single-server queue,

IP(d2(N) > T ) � exp(�Nl(T=N))

if the l.d.p. holds.



Large deviations

fA(n); n � 1g stationary and weakly-dependent

d(n) = A(n)d(n� 1)

Theorem

If there exists a real number C and an integer N such that

�(A(N)A(N � 1) � � �A(1)) � C

almost surely, then the sequence fd(n); n � 1g satis�es a large

deviation principle.



The Rate Function

γx1=x2=

x1

x1=x2

x2

l(x1,x2)

The rate function l is

� convex;

� independent of the initial condition;

� equal to +1 away from the line x = ah, a 2 IR;

� equal to 0 at the point x = 
h.



Example: the �nite-bu�ered queue

fa(t); t � 1g number of admissions between successive service

times.

c1(t) := total admissions up to time t

c2(t) := total departures up to time t

c(t) = A(t)c(t� 1)

(A(t)x)1 := (a(t) + x1) ^ (b+ x2)

(A(t)x)2 := (a(t) + x1) ^ (1 + x2):

If fa(t)g is stationary and ergodic then so is fA(t)g.

Each A(t) satis�es

�(A(t)) = sup
x

(t(A(t)x)� b(A(t)x)) � b:



Example: the �nite-bu�ered queue

m(t) := a(1) + : : :+ a(t) total arrivals so far.

L(t) :=
m(t)� c1(t)

t
loss-rate.

By erogdicity:

L(t)! a� 
 t!1

a is the mean arrival rate


 is the Lyapunouv exponent of fc(t)g.



Example: the �nite-bu�ered queue

fm(t)=tg and fc(t)=tg both satisfy large deviation principles.

By super-additivity, so does the joint sequence f(m(t)=t; c(t)=t)g,

and by contraction, so does fL(t)=tg.

Thus

IP(L(t) > t�) � exp(�tl(�)) (� > a� 
)

IP(L(t) < t�) � exp(�tl(�)) (� < a� 
)

for some rate function l.



In�nite projective radius

A max- or min-plus matrix operator has �nite projective radius

when the underlying precedence graph is strongly-connected and

aperiodic.

If the precedence graph has more than one strongly-connected

subgraph, the operator has in�nite projective radius.

Let fA(n); n � 1g be a stationary and ergodic sequence of matrix

operators. fA(n)g has �xed structure if the associated graphs

di�er only in the weights on their arcs.

Then vertices within a subgraph have the same long-run

average speed: if i and j are in the same subgraph,

lim
n!1

1

n
di(n) = lim

n!1

1

n
dj(n):

Vertices in di�erent subgraphs may run at di�erent speeds.



Reducible precedence graphs

γγ1 2

If 
1 � 
2 both subgraphs run at the speed of the slow

component:

lim
n!1

1

n
di = 
1 8i:

If 
1 < 
2 each graph runs at its own speed:

lim
n!1

1

n
di =

8>>><
>>>:

1 for i 2 G1


2 for i 2 G2



The Reduced Graph

Assume strongly connected aperiodic subgraphs.

Events within a subgraph are strongly synchronised, so we can

approximate the full graph by a sequence of reduced graphs:

Timing data in the reduced graph are obtained by averaging over

the �rst n events of all types within a subgraph.

As n!1, we get exponentially good approximations to the full

graph.



Large Deviations in Reducible Systems

Case 1: 
1 � 
2. Both subgraphs run at the slower speed, on

average.

x1

forbidden region, x1 > x2

l = +infinity

x2
x1=x2

γ1 (average trend)

Geodesics are broken lines { follow the boundary, then make an

excursion.



Large Deviations in Reducible Systems

Case 2: 
1 < 
2. Each subgraph runs at its own speed, on average.

x1

x2
x1=x2

forbidden region, x1 > x2

l = +infinity

(γ1,γ2)

(average trend)

Geodesics are straight lines.

Away from the forbidden region, subgraphs evolve independently.



Large Deviations in Reducible Systems

In both cases:

l(x) = inff �l0(u) + (1� �)l0(v) :

�u(1) + (1� �)v(1) = x(1);

�u(1) + (1� �)v(2) = x(2)g

� 2 [0; 1];

u(1);v(1) 2 IRD1;

u(2);v(2) 2 IRD2:

l0 := rate function obtained when subgraphs run in isolation.


