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Definition of Grobner Basis

G =1{g1,...,8t} CIis called a Grébner basis of / w.r.t. a

monomial order < if

Cabarcas Grobner Bases



Definition of Grobner Basis

G =1{g1,...,8t} CIis called a Grébner basis of / w.r.t. a

monomial order < if

(LT (&1), - -, LT (&) = (LT(1))
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Existence of Grobner Basis

Theorem (Dickson's lemma)

Let | = (A) be a monomial ideal, then | = (a1, ..., a:) where
ai,...,ar € A
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Existence of Grobner Basis

Theorem (Dickson's lemma)

Let | = (A) be a monomial ideal, then | = (a1, ..., a:) where
ai,...,ar € A

Proof.

by induction on the number of variables n. O
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Existence of Grobner Basis

Theorem (Dickson's lemma)

Let | = (A) be a monomial ideal, then | = (a1, ..., a:) where
ai,...,ar € A

Proof.

by induction on the number of variables n. O

Theorem (Hilbert Basis Theorem)
Every ideal | C K[x] has a finite generating set.
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Existence of Grobner Basis

Theorem (Dickson's lemma)
Let | = (A) be a monomial ideal, then | = (a1, ..., a:) where
ai,...,ar € A

Proof.

by induction on the number of variables n. O

Theorem (Hilbert Basis Theorem)
Every ideal | C K[x] has a finite generating set.

Proof.
By Dickson's lemma we can choose g1,...,8t € [ s.t.
(LM(g1), - .., LM(ge)) = (LM(1)) O
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Existence of Grobner Basis

Theorem (Dickson's lemma)
Let | = (A) be a monomial ideal, then | = (a1, ..., a:) where
ai,...,ar € A

Proof.

by induction on the number of variables n. O

Theorem (Hilbert Basis Theorem)
Every ideal | C K[x] has a finite generating set.

Proof.
By Dickson's lemma we can choose g1,...,8t € [ s.t.
(LM(g1), - .., LM(ge)) = (LM(1)) O

Corollary (existence of Grobner basis)
Every ideal | C K[x] other than {0} has a Grobner basis.
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Corollaries

Theorem (The ascending chain condition)

Let h Chh C I3 C--- be an ascending chain of ideals in K[ x].
Then there exist N > 1 s.t. Iy =Iyy1="---.
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Corollaries

Theorem (The ascending chain condition)
Let h Chh C I3 C--- be an ascending chain of ideals in K[ x].
Then there exist N > 1 s.t. Iy =Iyy1="---.

Theorem (characterization of Grobner bases)

G ={g1,...,8t} C I is a Grébner basis of | w.r.t. a monomial
order < iff
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Corollaries

Theorem (The ascending chain condition)

Let h Chh C I3 C--- be an ascending chain of ideals in K[ x].
Then there exist N > 1 s.t. Iy =Iyy1="---.

Theorem (characterization of Grobner bases)

G ={g1,...,8t} C I is a Grébner basis of | w.r.t. a monomial
order < iff
For all f € K[x] there exist unique r € K[x] and g € [ s.t.
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Corollaries

Theorem (The ascending chain condition)

Let h Chh C I3 C--- be an ascending chain of ideals in K[ x].
Then there exist N > 1 s.t. Iy =Iyy1="---.

Theorem (characterization of Grobner bases)

G ={g1,...,8t} C I is a Grébner basis of | w.r.t. a monomial
order < iff
For all f € K[x] there exist unique r € K[x] and g € [ s.t.

f=g+r
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Corollaries

Theorem (The ascending chain condition)

Let h Chh C I3 C--- be an ascending chain of ideals in K[ x].
Then there exist N > 1 s.t. Iy =Iyy1="---.

Theorem (characterization of Grobner bases)

G ={g1,...,8t} C I is a Grébner basis of | w.r.t. a monomial
order < iff
For all f € K[x] there exist unique r € K[x] and g € [ s.t.

f=g+r

and no monomial of r is divisible by any of LM(g1),...,LM(g¢).
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Usefulness

» Decide whether f = g(mod F)
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Usefulness

» Decide whether f = g(mod F)
» Decide whether f € (F)
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Usefulness

» Decide whether f = g(mod F)
» Decide whether f € (F)
» Decide whether (F) = (G)
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Usefulness

Decide whether f = g(mod F)
Decide whether f € (F)
Decide whether (F) = (G)

Find a linearly independent basis B for the vector space

Klx]/(F)

vV v vy
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Usefulness

Decide whether f = g(mod F)
Decide whether f € (F)
Decide whether (F) = (G)

Find a linearly independent basis B for the vector space
K[x]/(F) , and for a, b € B find a linear representation of
a- b in terms of the basis elements.

vV v vy
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Usefulness

Decide whether f = g(mod F)

Decide whether f € (F)

Decide whether (F) = (G)

Find a linearly independent basis B for the vector space
K[x]/(F) , and for a, b € B find a linear representation of
a- b in terms of the basis elements.

Assuming K[x]/(F) is finite dimensional, and given F,f,h,
find g s.t. f-g = h(mod F).

vV v vy

v
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Uniqueness

A Grobner basis for an ideal is not unique.
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Definition

A reduced Grobner basis for a polynomial ideal / is a Grobner
basis G for I such that

Cabarcas Grobner Bases



Uniqueness

A Grobner basis for an ideal is not unique.

Definition

A reduced Grobner basis for a polynomial ideal / is a Grobner
basis G for I such that

(i) All g € G are monic, and

Cabarcas Grobner Bases



Uniqueness

A Grobner basis for an ideal is not unique.

Definition

A reduced Grobner basis for a polynomial ideal / is a Grobner
basis G for I such that

(i) All g € G are monic, and
(i) For all g € G, no monomial of g lies in (LM(G \ {g}))
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Uniqueness

A Grobner basis for an ideal is not unique.

Definition
A reduced Grobner basis for a polynomial ideal / is a Grobner
basis G for I such that

(i) All g € G are monic, and
(i) For all g € G, no monomial of g lies in (LM(G \ {g}))

Lemma
Let G be a Grobner basis for |, g € G be s.t.
(LM(G)) = (LM(G \ {g})), then G\ {g} is a Grobner basis for I.
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Uniqueness

A Grobner basis for an ideal is not unique.

Definition
A reduced Grobner basis for a polynomial ideal / is a Grobner
basis G for I such that

(i) All g € G are monic, and
(i) For all g € G, no monomial of g lies in (LM(G \ {g}))

Lemma
Let G be a Grobner basis for |, g € G be s.t.
(LM(G)) = (LM(G \ {g})), then G\ {g} is a Grobner basis for I.

Proposition

Let | #£ 0 be a polynomial ideal, < a monomial order. Then, | has
a unique reduced Gréobner basis w.r.t. <.
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