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Cabarcas Gröbner Bases



References
Complexity:

I papers by Bardet, Faugère, Salvy and Bo-Yin Yang from
around 2003 with title complexity of Gröbner basis
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Notation

K a field

K [x1, . . . , xn] = K [ x ] the ring of polynomials

f1, . . . , fs ∈ K [ x ]

x = (x1, . . . , xn), α = (α1, . . . , αn), αi ∈ N0

xα1
1 xα2

2 · · · xαn
n = xα a monomial

M := {xα | α ∈ Nn
0} the set of all monomials
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Ordering of Monomials

Definition
A monomial ordering is a relation ≤ on M (or equivalently on
Nn

0) satisfying satisfying

1. ≤ is a total order

2. m,m1,m2 ∈ M, m1 ≤ m2 ⇒

m ·m1 ≤ m ·m2

3. ≤ is a well ordering
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Cabarcas Gröbner Bases



Ordering of Monomials

Definition
A monomial ordering is a relation ≤ on M (or equivalently on
Nn

0) satisfying satisfying

1. ≤ is a total order

2. m,m1,m2 ∈ M, m1 ≤ m2 ⇒ m ·m1 ≤ m ·m2

3. ≤ is a well ordering

Cabarcas Gröbner Bases
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Leading Monomial

Definition
Let f =

∑
aαxα ∈ K [ x ], aα ∈ K and ≤ a monomial order

I The set of monomials of f is M(f ) := {xα | aα 6= 0}.

I The leading monomial of f is LM(f ) := Max{xα | aα 6= 0}.

I The leading coefficient of f is LC(f ) := aα, s.t.
xα = LM(f ).

I The leading term of f is LT(f ) := LC(f ) LM(f ).
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A Division Algorithm

Theorem
Let F = (f1, . . . , fs),

≤ a monomial order.

Every g ∈ K [ x ] can be written as

g = h1f1 + · · ·+ hs fs + r

where hi , r ∈ K [ x ] and either

I r = 0 or

I none of the terms of r is divisible by any of LT (f1), . . . , LT(fs).

and for ai 6= 0 LM(hi fi ) ≤ LM(f ).

We call r a remainder of g on division by F .
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Cabarcas Gröbner Bases



A Division Algorithm

Theorem
Let F = (f1, . . . , fs), ≤ a monomial order.

Every g ∈ K [ x ] can be written as

g = h1f1 + · · ·+ hs fs + r

where hi , r ∈ K [ x ] and either

I r = 0 or

I none of the terms of r is divisible by any of LT (f1), . . . , LT(fs).

and for ai 6= 0 LM(hi fi ) ≤ LM(f ).

We call r a remainder of g on division by F .

Cabarcas Gröbner Bases
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A Division Algorithm

g = h1f1 + · · ·+ hs fs + r

I remainder is not unique,

I r = 0 ⇒ g ∈ 〈f1, . . . , fs〉,

I but g ∈ 〈f1, . . . , fs〉 ; r = 0
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Definition of Gröbner Basis

G = {g1, . . . , gt} ⊆ I is called a Gröbner basis of I w.r.t. a

monomial order ≤ if

〈LT (g1), . . . , LT (gt)〉 = 〈LT (I )〉
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Existence of Gröbner Basis

Dickson’s lemma: Every ideal of the form I = 〈A〉, where A ⊆ M
is finitely generated by a subset of A.

Hilbert Basis theorem: Every ideal is finitely generated.

Existence of Gröbner basis follows easily
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Existence of Gröbner Basis

Definition
An ideal of the form I = 〈A〉, with A ⊆ M is called a monomial
ideal.

Lemma
Let I = 〈A〉 be a monomial ideal, then

(i) a monomial a lies in I iff a is divisible by a′ for some a′ ∈ A.

(ii) a polynomial f lies in I iff every monomial of f lies in I .

Corollary

Two monomial ideals are the same iff they contain the same
monomials.
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Existence of Gröbner Basis

Theorem (Dickson’s lemma)

Let I = 〈A〉 be a monomial ideal, then I = 〈a1, . . . , at〉 where
a1, . . . , at ∈ A.

Proof.
by induction on the number of variables n.

Theorem (Hilbert Basis Theorem)

Every ideal I ⊆ K [ x ] has a finite generating set.

Proof.
By Dickson’s lemma we can choose g1, . . . , gt ∈ I s.t.
〈LM(g1), . . . , LM(gt)〉 = 〈LM(I )〉

Corollary (existence of Gröbner basis)

Every ideal I ⊆ K [ x ] other than {0} has a Gröbner basis.
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