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Notation

Let kK C C be a field,

I C k[x1,x2,...,xn] be an ideal,

A= klx1,x2,...,xn]/l

Xx=(X1,...yXn), @ = (a1,...,0p),a; € Ny
a0 |

XY = x7xy? - - - xy"- monomial in k[x1,x2,. .., X

B={x*:x*¢ < LT(l)>} - abasis of A
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Ordering of Monomials

Definition
A monomial order on k[xi, x2, ..., X, is any relation > on the set
of monomials x* in k[x1,x2, ..., Xp] (or equivalently on the

exponent vectors o € Nj) satisfying:
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Ordering of Monomials

Definition
A monomial order on k[xi, x2, ..., X, is any relation > on the set
of monomials x* in k[x1,x2, ..., Xp] (or equivalently on the

exponent vectors o € Nj) satisfying:
> is a total ordering relation
A if x* > x”? and x7 is any monomial, then x% - x7 > x? . x7

> is a well ordering. That is, every non-empty collection of
monomials has a smallest element under >.
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Ordering of Monomials

For polynomial rings in several variables, there are many choices of
monomial orders. In writing the exponent vectors « and [ in
monomials x® and x? as ordered n-tuples, we explicitly set up an
ordering on the variables x; in k[x1, x2, ..., xp]:

X1 > Xp > - > Xp.

With this choice, there still many ways to define monomial orders.
Two of the most important ones are Lexicographic Order and
Graded Reverse Lexicographic Order.
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lex and grevlex orders

Definition (Lexicographic Order)

Let x* and x® be monomials in k[x1, X2, . .., Xn]. We say x¥ > e x°
if in the difference o — 3 the left-most nonzero entry is positive.
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if in the difference o — 3 the left-most nonzero entry is positive.
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lex and grevlex orders

Definition (Lexicographic Order)

Let x* and x® be monomials in k[x1, X2, . .., Xn]. We say x¥ > e x°
if in the difference o — 3 the left-most nonzero entry is positive.

Definition (Graded Reverse Lexicographic Order)

Let x*,x% € k[x1, X2, ..., X,]. We say x* e x? if

m Y>3 6, or

m > " a;i=>."40 and in the difference o — 3, the
right-most nonzero entry is negative.
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Zero-dimensional ideal

An ideal / is said to be zero-dimensional, if the algebra A is
finite-dimensional over k.
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|dea of the FGLM algorithm

Given a Grobner basis G for a zero-dimensional ideal /.

V.Kruglov Grobner Basis Conversion Algorithm



|dea of the FGLM algorithm

Given a Grobner basis G for a zero-dimensional ideal /.

Goal: to convert it to a lex Grobner basis Gy for some lex order.

V.Kruglov Grobner Basis Conversion Algorithm



|dea of the FGLM algorithm

Given a Grobner basis G for a zero-dimensional ideal /.
Goal: to convert it to a lex Grobner basis Gy for some lex order.

Idea: Go through the monomials x® in k[x1, x2,...,Xs] in
increasing lex order. At each stage of the algorithm a set Gje, of
elements in [ is a subset of the eventual /lex Grobner basis;

V.Kruglov Grobner Basis Conversion Algorithm



|dea of the FGLM algorithm

Given a Grobner basis G for a zero-dimensional ideal /.
Goal: to convert it to a lex Grobner basis Gy for some lex order.

Idea: Go through the monomials x® in k[x1, x2,...,Xs] in
increasing lex order. At each stage of the algorithm a set Gje, of
elements in [ is a subset of the eventual /ex Grobner basis;

and a list of monomials By, is a subset of the eventual /ex basis
for A.

V.Kruglov Grobner Basis Conversion Algorithm



|dea of the FGLM algorithm

Given a Grobner basis G for a zero-dimensional ideal /.
Goal: to convert it to a lex Grobner basis Gy for some lex order.

Idea: Go through the monomials x® in k[x1, x2,...,Xs] in
increasing lex order. At each stage of the algorithm a set Gje, of
elements in [ is a subset of the eventual /ex Grobner basis;

and a list of monomials By, is a subset of the eventual /ex basis
for A.

Initially set Gjox and Bjex to be empty sets and take x* = 1.
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order has to be used.

— ——=G .
m If x2C = Sicixai) | where x) € Bjey and ¢; € k, add
g=x%— Z cix)
i

to Gjex as the last element.
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Step 1

Main Loop.

For the input x® compute xa©

It is also important to note that for the division by G the original
order has to be used.

— ——=G .
m If x2C = Sicixai) | where x) € Bjey and ¢; € k, add
g=x%— Z cix)
i

to Gjex as the last element.
or

B Add x% to By as the last element otherwise.
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Termination Test.

If a polynomial g was added to Gje, find the LT(g).
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Termination Test.

If a polynomial g was added to Gje, find the LT(g).

m If LT(g) is a power of the greatest variable in lex order, the
algorithm terminates.
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Termination Test.

If a polynomial g was added to Gje, find the LT(g).

m If LT(g) is a power of the greatest variable in lex order, the
algorithm terminates.

m If not continue to the next step.
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Next Monomial.

Replace x* with the next monomial in /ex order, which is not
divisible by any of the monomials LT (g;) for gi € Gjex-
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Example

Consider the ideal

2

| = (xy +2z—xz,x>* — 2,2x3 = x’yz — 1)

in Q[x, y, z]. For grevlex order with x > y > z, given a Grobner
basis G = {fi, f, f3,f2}, where
fl=2z"—323—4yz+2,2—y+27-2
fo = yz2 +2yz — 22% + 1
fr=y?>—2yz+ 2> —z
fa=x+y—z
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Example

Consider the ideal

2

| = (xy +2z—xz,x>* — 2,2x3 = x’yz — 1)

in Q[x, y, z]. For grevlex order with x > y > z, given a Grobner
basis G = {fi, f, f3,f2}, where
fl=2z"—323—4yz+2,2—y+27-2
fo = yz2 +2yz — 22% + 1
fr=y?>—2yz+ 2> —z
fa=x+y—z
Want To Find: a lex Grobner basis for | with z > y > x.
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Example

fl=2z"—323—4yz+2,2—y+27-2
fo = yz? +2yz — 22% + 1
fr=y?>—2yz+2>—z
fa=x+y—z
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Example

fl=2z"—323—4yz+2,2—y+27-2
fo = yz? +2yz — 22% + 1
fr=y?>—2yz+2>—z
fa=x+y—z

Note that (LT (1)) = (z*,yz%,y?,x), B={1,y,z,22%,23,yz}; and
any 7€ will be a linear combination of elements of B.
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Example

Set X =1, Gjex = D and Bj, = @.
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Set X =1, Gjex = D and Bj, = @.

For the division by elements of G the greviex order with x > y > z
will be used.

Main Loop. 1=0-f+0-f+0-f3+0-f +1, so that 1° = 1
and is linearly independent from the reminders (on division by G)
of the monomials in Bjex. Add 1 to Bley.
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Main Loop. 1=0-f+0-f+0-f3+0-f +1, so that 1° = 1
and is linearly independent from the reminders (on division by G)
of the monomials in Bjex. Add 1 to Bley.

Termination Test. N/A (no polynomial was added to Gjey).
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Set X =1, Gjex = D and Bj, = @.

For the division by elements of G the greviex order with x > y > z
will be used.

Main Loop. 1=0-f+0-f+0-f3+0-f +1, so that 1° = 1
and is linearly independent from the reminders (on division by G)
of the monomials in Bjex. Add 1 to Bley.

Termination Test. N/A (no polynomial was added to Gjey).

Next Monomial. Set x® = x.
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Example

Set X =1, Gjex = D and Bj, = @.

For the division by elements of G the greviex order with x > y > z
will be used.

Main Loop. 1=0-f+0-f+0-f3+0-f +1, so that 1° = 1
and is linearly independent from the reminders (on division by G)
of the monomials in Bjex. Add 1 to Bley.

Termination Test. N/A (no polynomial was added to Gjey).

Next Monomial. Set x® = x.

We now have: x%* = x, Gjex = @ and Biex = {1}
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Example

Main Loop. x=0-14+0-H+0-+1-f, —y+ z, so that
XC = —y + z. And —y + z is linearly independent from the
reminders of the monomials in Bjey, since —y + z % ¢ - 1 for any
c € Q. Add x to Bjey.
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Main Loop. x=0-14+0-H+0-+1-f, —y+ z, so that
XC = —y + z. And —y + z is linearly independent from the
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c € Q. Add x to Bjey.

Termination Test. N/A (no polynomial was added to Gjex).
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Example

Main Loop. x=0-14+0-H+0-+1-f, —y+ z, so that
XC = —y + z. And —y + z is linearly independent from the
reminders of the monomials in Bjey, since —y + z % ¢ - 1 for any

c € Q. Add x to Bjey.
Termination Test. N/A (no polynomial was added to Gjex).

Next Monomial. Set x® = x2.
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Example

Main Loop. x=0-14+0-H+0-+1-f, —y+ z, so that
XC = —y + z. And —y + z is linearly independent from the
reminders of the monomials in Bjey, since —y + z % ¢ - 1 for any
c € Q. Add x to Bjey.

Termination Test. N/A (no polynomial was added to Gjex).
2

Next Monomial. Set x% = x*-.

We now have: x® = x2, Gjex = @ and Bjex = {1, x}.
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Example

Repeat the algorithm for x® = x?, x3, x4, x5.
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Example

Repeat the algorithm for x® = x?, x3, x4, x5.

Get: x¥ = x5, Gjex = @ and Bjex = {1,x,x%, x3,x*, x>},
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Example

—G —G —G —
Main Loop. x6~ =23 And 23 =x5 +2x3~ — 1G, where

TG

—G
=1 x3" = —yz + 7?
—G
x5 =234 2yz — 222 +1.

—G . . .
Hence, x6 " is linearly dependent on the reminders of the
monomials in Bjex. Add g = x® — x> —2x3 + 1 to Gey.
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Example

—G —G —G —
Main Loop. x6~ =23 And 23 =x5 +2x3~ — 1G, where

TG

—G
=1 x3" = —yz + 7?
—G
x5 =234 2yz — 222 +1.

—G . . .
Hence, x6 " is linearly dependent on the reminders of the
monomials in Bjex. Add g = x® — x> —2x3 + 1 to Gey.

Termination Test. LT(g) = x% is not a power of z- the greatest
variable in lex order z > y > x. Continue.
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Example

—G —G —G —
Main Loop. x6~ =23 And 23 =x5 +2x3~ — 1G, where

TG

—G
=1 x3" = —yz + 7?
—G
x5 =234 2yz — 222 +1.

—G . . .
Hence, x6 " is linearly dependent on the reminders of the
monomials in Bjex. Add g = x® — x> —2x3 + 1 to Gey.

Termination Test. LT(g) = x% is not a power of z- the greatest
variable in lex order z > y > x. Continue.

Next Monomial. The next monomial in order z > y > x, not
divisible by LT(g) = x® is y. Set x* = y.
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Example

—G —G —G —
Main Loop. x6~ =23 And 23 =x5 +2x3~ — 1G, where

G

_ -G
1" =1 x3" = —yz + 7?

—G
x5 =234 2yz — 222 +1.
—G
Hence, x6 " is linearly dependent on the reminders of the
monomials in Bjex. Add g = x® — x> —2x3 + 1 to Gey.
6

Termination Test. LT(g) = x° is not a power of z- the greatest
variable in lex order z > y > x. Continue.

Next Monomial. The next monomial in order z > y > x, not
divisible by LT(g) = x® is y. Set x* = y.

We now have: x® =y, Gjex = {x% — x> —2x3 41} and
Blex = {1,x,x%,x3,x* x5}
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Example

Main Loop. y=0-f1+0-4+0-3+1-f+y, so that
—G —G
Y =y.And y =x2° —XC where X¢ = —y +zand x2~ = z.

So that, ¥© is linearly dependent on the reminders of the
monomials in Bjex. Add g = y — x? + x to Gjex as the last element.
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Main Loop. y=0-f1+0-4+0-3+1-f+y, so that
—G —G
Y =y.And y =x2° —XC where X¢ = —y +zand x2~ = z.

So that, ¥© is linearly dependent on the reminders of the
monomials in Bjex. Add g = y — x? + x to Gjex as the last element.

Termination Test. LT(g) =y is not a power of z- the greatest
variable in lex order z > y > x. Continue.
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Example

Main Loop. y=0-f1+0-4+0-3+1-f+y, so that
—G —G
Y =y.And y =x2° —XC where X¢ = —y +zand x2~ = z.

So that, ¥© is linearly dependent on the reminders of the
monomials in Bjex. Add g = y — x? + x to Gjex as the last element.

Termination Test. LT(g) =y is not a power of z- the greatest
variable in lex order z > y > x. Continue.

Next Monomial. The next monomial in order z > y > x, not
divisible by x® and y is z. Set x* =
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Example

Main Loop. y=0-f1+0-4+0-3+1-f+y, so that
—G —G
Y =y.And y =x2° —XC where X¢ = —y +zand x2~ = z.

So that, ¥© is linearly dependent on the reminders of the
monomials in Bjex. Add g = y — x? + x to Gjex as the last element.

Termination Test. LT(g) =y is not a power of z- the greatest
variable in lex order z > y > x. Continue.

Next Monomial. The next monomial in order z > y > x, not
divisible by x® and y is z. Set x* =

We now have: x% = z, Gjex = {x® — x> —2x3+ 1,y — x> + x} and
Blex = {1, x,x%,x3,x* x5}.
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Example

Main Loop. z=0-f +0-f+0-f3+1-f; + z, so that z¢ = z.
And 7 = x2°.

Add g = z — x? to Gjex as the last element.
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Example

Main Loop. z=0-f +0-f+0-f3+1-f; + z, so that z¢ = z.
And 7 = x2°.

Add g = z — x? to Gjex as the last element.

Termination Test. LT(g) = z is a power of z- the greatest variable
in lex order z > y > x. And the algorithm terminates.
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Example

Main Loop. z=0-f +0-f+0-f3+1-f; + z, so that z¢ = z.
And 7 = x2°.

Add g = z — x? to Gjex as the last element.

Termination Test. LT(g) = z is a power of z- the greatest variable
in lex order z > y > x. And the algorithm terminates.

Giex = {x® — x> =23 + 1,y — x> + x,z — x°} is a lex basis for |

and Bjex = {1, x,x%,x3, x*,x%} is the a lex monomial basis for A.
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Main Theorem

m The FGLM algorithm terminates for every input Grébner basis
G, that generates a zero-dimentional ideal |.

m The algorithm correctly computes a lex Grobner basis Gy, for
| and the lex monomial basis By for the quotient ring A.
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Dickson’s Lemma

For the proof of the Main Theorem let’s recall the following lemma.

Lemma (Dickson's Lemma)

For any infinite list x*() x*?) __ of monomials in
k[x1,X2,...,Xn], there exists an integer m such that every x() s
divisible by one of x*(1) x*(2)  xa(m),
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The End

Thank you!
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